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OV LUAN & TRAC NGHIEM) 


NHA XUAT BAN DAI HQC QUOC GIA HA NQI 



< ?fti H< f (fat* 


r\e tC/ ndm hoc 2007 - 2008, chucmg trinh phan ban ldrp 11 se dp 
dung dai tra tren ca nude 

Cung nhu cac cap ldp khac, chuong trinh toan ldp 11 c6 nhieu ddi 
mdi. Trong phan mon Hinh hoc lop 11 co phan “Cac phep ddi hinh 
trong mdt phdng”. 

Theo quan diem toan hoc tren the giOi thi can phdi phan bidt phdp 
bidn hinh vd phep dOi hinh. 

+ Phep bien hinh la mot qui tdc bien doi mot hinh (F) da cho 
thanh mot hinh (F’) ma khong bat buoc phai bao toan dd lorn 
cua hinh. 

Thi du: Phep vi tu, phep dong dang, phep nghich dao... la 
nhurng phep bidn hinh. 

+ Phep ddi hinh la mdt phep bidn hinh ddc bi£t, bien ddi mdt hinh 
(F) da cho thdnh mot hinh (F’l ma khong lam thay ddi cac 
khoang edeh giufa hai diem cho trUdc cua hinh. 

Thi du: Phdp tinh tien, phep ddi xufng, phep quay. 

Dl nhidn ede phep tinh tien, ddi xufng, quay cung Id nhufng phep 
bien hinh nhung ede phdp bien doi nhu phdp vi tu, phep dong dang, 
phdp nghich dao,... khong phai la nhufng phdp ddi hinh. 

Du th$n trong ddn ddu van co the co sai sot - nhffng sai sdt ngodi 
y mudn (nhufng sai sot ma cac ban da tdng vidt sdeh ddu cd kinh 
nghidm qua), chung toi rat mong ede ban dong nghidp thdng edm, the 
td't. 


TPHCM, mua hk 2007 
Vo Dai Mau 


3 






• T( V ): Phep tinh tien theo vecto V . 

(T la tieng dau cua tC/ Translation, tieng Phap, dung trong todn 
hoc co nghia la phep tinh tien). 

• S(O): Phdp doi xdng qua tam O. 

(S la chuf dau cua tii symetrie, tieng Phap, la phep doi xdng). 

• S(A): Phep doi xufng qua true A. 

• MO, k): Phep vi tq tam 0, Li so vi tq k. 

Ui la chq d4u cua tq Homothetie, tieng Phap, co nghia 14 phep vi tq) 

• iR(0; a): Phep quay tam O goc a. 

(Chq IR 14 chq dau cua tq Rotation, tieng Ph4p, c6 nghia 14 phdp 
quay). 

• Si(0; k; 0) ho4c Si(0; k; a): Phdp dong dang t4m O, tl s6' dong 
dang k, goc dong dang 0 hoac goc dong dang a. 

(Chq Si 14 hai chq d4u cua Similaire, tieng Ph4p nghia 14 ph6p 
dong dang). 

• E2rt], [180°]: modun 2n, modun 180 () . (Modun 14 phien am cua tq 
module). 

Theo qui qdc quoc te, cac ki hieu to4n hoc deu dqa v4o qui qdc 
to4n hoc cua Ph4p. 

• Nhdng b4i to4n co dau (*) 14 nhdng b4i to4n tuong d6'i kh6 
d4nh cho hoc sinh kh4 gioi. 
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Chiftmg 0. DAI ClWNG VE PHEP BIEN HtNH 

VA Ddl HlNH TRONG MAT PhAnG 

■ 

KIEN THl/C CAN NH(J 

I. Phep bien hinh trong mat phSng 

1. Anh cua mot diem 

Trong mat phang (P), cho mot diem M. 

Phep big'n hinh f trong mat phang (P) la mot qui t£c cho taong 
ung diem M e (P) mot diem M’ e (P) 

f: M e (P) —> M’ e (P) 
hay: M e (P) - U M’ e (P) 

M’: goi la diem bien doi cua di£m M cho bdi phdp bi£n hinh f 
hay M’ la Anh cua di^m M cho boi phdp bien hinh f. 

Ki hieu: M’ = f (M). 

M goi la tao anh cua M’ trong phdp bien hinh f. 

Trong toan hoc, phep bien hinh f trong mp (P) la mOt 6nh xa di 
tCf mp (P) vao mp (P). 

Thi du: Neu ta co: MM'= V, V la mot vecta cho trade thi M’ 
goi la anh cua diem M trong phdp tinh ti£n theo V, ki hi$u 
T( V). 

N£u ta c6: OM' = k OM, k la mpt so thiic cho trade, k * 0 thi 
M’ goi la dnh cua diem M trong phdp vi tuf t£m O, ti s6' k, ki 
hieu H (O; k). 

Neu ta co: OM' .OM = k, k la so thuc cho trade, k * 0 thi M’ goi 
la anh ciia diem M trong phdp nghich dao t&m O, phuong tich 
nghich dao k, ki hieu: 1(0; k). 

2. Anh cua mdt hinh 

Trong phdp bia'n hinh f, n6'u M ve m6t hinh (F) thi M’ v§ mOt 
hinh (F’), goi la anh cua hinh F trong phdp bien hinh f. 

( F) _L> (F) 

Ki hieu: F* = f (F). 


/ 
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(F) Id tip hap tit ca cdc anh cua tit ca cdc didm thudc hinh (F) 
cho bdi phdp bidn hinh f. 

n. Phep ddi hinh trong mat phing 

1. Dinh ttghia: 

Trade h^t phdp ddi hinh trong mat phing la mdt phep bien 
hinh trong mat phing. 

+ Biin doi m§t didm M thudc mat (P) thanh m0t didm M’ thudc 
mp (P). 

+ Biin ddi m0t hinh (F) thanh m0t hinh (F) trong cung mpt 
mat phing nhumg khong 1dm thay doi hinh dang va kich 
thudc cua hinh. 

N6i m0t edeh khac la phep doi hinh f bien mot hinh (F) thanh 
m0t hinh (F’> bing hinh (F). 

Trong todn hoc, phdp ddi hinh phing f dtfgc goi la song anh di 
td mp (P) ldn mat phing (P). 

Hieu m0t edeh ndm na Id phdp ddi hinh f da “ddi” hinh (F) td vi 
tri ban diu da cho din m0t vi tri mdi. 

2. Phep ddi hinh ddng nhat bien dSi hinh (F) thanh hinh (P) triing 
v&i hinh (F) 

Ki hi§u e: (F) (F) = (F). 

3. Tinh chit da phep ddi hinh 

a) Phep ddi hinh khdng lam thay d6i hinh dang: 

Trong m0t phip ddi hinh: 

+ Doan thing AB cd dnh Id doan thing A’B’ 

A i —> A’ 

B i—> B’ 

AB i—> A’B’. 

+ Dudng thing D c6 inh Id dudng thing D’ 

D -U D’. 

+ Gdc xOy cd inh Id goc x'O'y' 

Ox O’x’ 

Oy -U O’y’ 

=o xOy -U xW. 
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h) Phep ddi hinli brio loan do Ian: 

+ Anh ciia mot doan thang AB la doan t hdng A’B’ bang AB 
Alt 1 > A H' = AB. 

+ Anh cua mot goc xOy la goc x'OV hang goc xOy : 
xOy 1 > xO'y’ = xOy 

+ Anh cua dudng tron (0) la mot difdng tron (O’) bang dudng 
tron (O) 

(O, R) . ---> (0’,R) vdi 0’ la anh cua 0. 

4. Tick cua hai phep ddi hinh phdng: 



• M’ la anh cua M cho boi phep ddi hinh phdng t - : 

M’ = f (M). 

• M” la anh cua M’ cho boi phep ddi hinh phdng g: 

M” = g (M’). 

Ta noi M” la anh cua M cho boi tich cua phep ddi hinh phdng f 
vdi phep ddi hinh phdng g: f x g 

Ki hieu: g 0 f (doc la g tron f). 

M -1*4 M”. 

Y nghia la thuc hien lien tiep phep ddi hinh ph&ng f trUdc, g 
sau. 
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ChUVng I. PHtP T|NH TiEfN 

Kl£'N THLfC CAN NH0 

1. Ditth tight a: 

Cho V * 6 v4 mQt di#m M n4m trong mflt ph&ng (P). 

a) Anh cua m$t di$m: 

Diim M’ duoc goi la anh cua 
diem M trong ph6p tinh ti&'n 
vectcf V. 

Ki hi$u: T( V), khi: Mf = V 

M ——► M’ co MM'. 

M v4 M’ 14 2 diem d&i ufng nhau trong ph6p tinh tiem T( V). 
(ffinh 1) 

Ngtfoc lai ta c6: M'M = - V. 

M 14 4nh cua M’ trong ph6p tinh ti£n ngtfcfc: T -1 V = T(- V ) 

•> 

b) Anh cda mdt hinh: 

Trong ph6p tjnh tien T( V ), (F’> 

khi dilm M v§ m$t hinh (F) 
thi di&m doi umg M’ cua n6 
v§ m§t hinh (F’) goi 14 4nh 
cua hinh (F) trong phdp tjnh 
ti£n T( V). (H.2) 

V$y: 4nh cua m$t hinh (F) 
trong ph4p tjnh tien T( V) 14 
hinh (F’) g6m t4't c4 nhurng 
dilm anh cua t4't ca nhurng 
di£m cua hinh (F) trong ph6p 
tinh ti4'n T( V ). 

(F) T(v - ) > (F) = { M7 MM' = V, M e(F)|. 

2. Tinh chat: 

Trong phep tinh ti4n, 4nh cua hinh (F) la hinh (F) b4ng hinh(P") 
(F) —* (F) = (F). 

Do do phep tinh tien T( V) la mpt ph6p ddi hinh. 
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3. Hinh It: Trong phep tinh tic'n T( V ): 

a) Anh cua mot dunng th&ng I) la mot du'dng th&ng D’ song 
song. (H.3a). 

9 v 

b) Anh ciia mot tia Ox la tia O’x song song va cung chieu; O va 
O’ 14 2 diem doi png. 01.3b). 

c) Anh cua doan thftng AB la doan thflng A’B’ song song va bang 
AB. (H.3c). 

d) Anh cua AB la A'B' = AB vcri A, A’ va B, B’ la 2 cSp diem 
doi ufng. (H.3d). 



B B 



A’ A 

Hinh 3c Hinh 3d 


e) Anh cua g6c xOy 14 goc x'O'y' b&ng vdi gbc xOy , O’ la diem 
doi urng cua O. (H.3e) 



Hinh 3e 
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f) Anh cua mpt dtfdng tr6n (O) la m6t difdng trdn (O’) bang 
dirdng tr6n (O) va c6 tam O’ la dnh cua tfim 0 cho bdri phep 
tinh tiS'n T( V) (H.30 


V V 



Hinh 3f 


4 Stf tinh ti£n cua hai dating trdn hdng nkau cho trUtic: 

Cho hai difdng tron bang nhau (O; R) va (O’; R). 

Hai dudng tr6n (O) vd (O’) co th^ xem la hinh tinh ti&n cua 
nhau b&ng 2 each: 

+ (O’) la anh cua (O) trong ph6p tinh tien WOO ).(H.4a). 



Hinh 4b 


5. Tich cua hai phep tinh tien: 

Gia suf Mi la anh cua M trong phep tinh tien T( ) va M 2 la 
anh cua Mi trong phep tinh tien T( V 2 ) thi M 2 la dnh cua M cho 
boi tich cua hai phep tinh tien T( V, ) vd T( V 2 ), ki hipu 
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Taco: MM 2 = MM, + M,M 2 = V,' + V 2 ‘. 

Do do: M 2 la anh cua M cho bdi phep tinh tien: T( V, + V 2 ). 

Vay: Neu ta thpc hien lien tiep hai phep tinh tien thi ta dirpc 
mot phep tinh tien ma vecto tinh tien bang tong cua cac vecto 
tinh tien cua hai phep tinh tien da cho. 

T(v; >.T( v.;) = t( v; *-v 2 >. 

• Tich cua hai vecto tinh tien co tinh chat giao hoan: 

T( v; ).T< v;) = T( v 2 ).T( v; >. 

• Chu y: Tich T( V ).T(- V ) la mot phep bien doi dong nhat. 

M —M, —M 2 = M. 

• Chu y: 

1. Hai difdng thang song song co the xem la tinh tien cua 
nhau bdi mot phep tinh tien nao do (Hinh 6). 



Hinh 6 


2. Hai di/dng tron bang nhau (0; R) v& (O’; R) la hinh tinh 
tien cua nhau cho bdi phep tinh tien < S( 00') hoSc 'gt O'O). 
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L(IY|N T0P 

1. Cho m0t hinh binh hanh ABCD c6 hai dinh A, B c6 djnh. Tin t|p 
hap dinh D khi: 

a) C di d0ng trdn di/dng thing A c 6 djnh cho tnldc. 

b) C di d0ng tr&n dutmg trbn (O) tim O c 6 djnh, b4n kxnh E cho tifbc 
Hudng d&n: Ta c6: CD * BA => dpcm. 

Gidi 

ABCD la m0t hinh binh h&nh n£n ta c6: CD = BA. 

Vectd BA cd' djnh. 

Do db D la anh cua C trong phbp tinh tiin ¥( BA). 
a) Khi C di dpng tren m0t dtfdng thing A thi D di d0ng tren dadng 
thing A', anh cua A cho bdi phbp tinh tiin'S'i BA). (Hinh 8t) 

Nb'u A qua D thi A’ trung vbi A. (Hinh 8b) 

V0y t|Lp hop cic diim D la dtfdng thing A’, anh cua A cho bci 
phbp tinh tiin '?'(BA ). 


A’ 



A B A B 


Hinh 8a Hinh 8b 

b) Khi C di d0ng tr§n dtfdng tr5n (O; R) thi D di d0ng trbn dtfdng trba 
(O’; R), inh cua dtfdng trdn (O; R) cho bdi phbp tinh tiia 
BA), vbi O’ la inh cua O trong phbp tinh ti£n d6. (Hinh 9). 

V0y tip hap cdc diim D la dudng trdn (O’; R). 



Hinh 9 
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2. Oho dodng tron (O) co dinh va mot (loan thang MN co dinh. Tren 
(O), lay mot diem A va ko doan thang AI song song va bkng MN. 
Tim tap hop cdc diem 1 khi A di dong iron dodng tron (O). 

Hitang d&n: Nhan xet rang: AI = MN. Nho vfiy ta co: AI = MN 
hoSic AI = NM 

Giai 

Theo gia thiet, ta co: AI i MN. 

Suy ra: AI = MN hoAc AI = NM. 

Nho vdy: I Id anh cua A trong phep tinh tien T( MN) ho4c trong 
phep tinh tien T( NM ). 

Do do: Khi A vach dodng tron (O) tarn O thi I vach dodng tron 
(O’) tarn O’ bang (O), vdi O’ id anh cua O cho bci phdp, T(MN) 
hodc I vach dodng tron (0”) tarn 0”, bang (O), vdi O” la anh cua 
O cho bdi phep tinh tien T( NM ). 



Ilinh 10 

S Cho dodng trdn (O) tam 0, ban kinh R. Tren (O), la'y hai diim co 
dinh A, B va mdt diem C di ddng. Tim tAp hop trdc tam H cua tam 
gidc ABC. 

Hudng ddn: TrOdrc het chung ta chOng minh rang: CH = 2 OM 
vdi M la trung diem cua canh AB => dpcm. 

Giai 

Goi M la trung diem cua AB, M co dinh: OM 1 AB. Ke dodng 
kinh AOA’ => A’B 1 AB. 

Ta co: A'B = 20M. 

Tur gidc CHBA’ la hinh binh hanh (Vi sao?) 

=> CH= A'B = 20M 
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Nhu v4y: H 14 anh cua C 
trong phep tinh tien T( V ) 
vdi V = 20M. (Hinh 11) 

Do d6: Khi C vach dudng trdn 
(O; R) thi H vach dudng tr6n 
(O’; R) vdi O’ anh cua O cho 
bdi ph6p tinh tid'n T( V ). 



4. Cho tam gi4c ABC co dinh, true t4m H. Ve hinh thoi BCDE. Ke 
DD’ 1 AB, EE’ 1 AC; DD’ v4 EE’ giao nhau tai M. Tim hop 
di&n M khi hinh thoi BCDE thay doi 

Huong d&n: ChUng minh DM = CH. 

Giai 


Tur gi4c BCDE 14 mdt 
hinh thoi ndn ta c6: 

BC - ED. 

Hai tam gi4c HBC v4 
MED b4ng nhau vi c6: 

BC = ED 

A A 

Bi = Ei (Goc nhon c6 canh 
ddi mot song song) 

Ci = Di (Nhu trdn). 

Suy ra: DM = CH (Hinh 12). 

Bi4u n4y chufng to M 14 4nh cua D trong phdp tinh tien CH >. 

Ta lai c6: CD = BC = a khong d6i (vi sao?). 

Suy ra: T$p hop c4c dilm D 14 dudng trdn (a) t4m C b4n tinh 
R = CD = a. 

Do dd, t$p hop c4c di&n M 14 anh cua dudng trdn (a) cho b-di 
phdp tjnh tid'n ‘glCH). D6 14 dudng tr6n (P) t4m H, ban Hnh 
R = HM=a. 



V4y: T4p hop c4c diem M phai tim 14 dudng tr6n (p) t4m H, b4m 
kinh R = BC = a. 
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5. rren dddng trdn (O) tarn (). ban kinb K, chi> hai diem co dinh A, B 
va mot diem C di dong. 

a) Tim tap hop true lain II am \ABC. 

b) Tim tap hop dinh M cua tarn giac deu C'HM. 

Huang dan: Goi A’ la doi tarn cua A 

So sanh CH va A’B. Xem bai 3. 

(tiai 


a) Goi A’ la diem doi tarn cua A. Ta co: CH = AB (xem bai 3) 
Ta suy ra: H la anh cua C trong phep tinh tien “ST A’B). 


Do do: Kin C chav tren dddng 
tron (O; R) thi H chay tren 
dddng tron (O’; Rl. anh cua 
dddng tron (O; R: cho bdi phep 
tinh tien IT( A'B), vdi O' la anh ^ 
cua O trong phep tinh tien 
‘ST A'B): OO' = A'B =201. 

1 la trung diem cua AB. (Hinh 13) 

(O) va (O’) doi xdng nhau qua AB 
nen (O’) di qua A, B 


C 



b) Xet diem M n&m cung phia vdi A doi vdi CH. 


Ddng OOi = HM => AOO’Oj deu va Oj nkm tren dddng th&ng 
AB, O’O) co dinh nen AOO’Oi co dinh CM = OOi 


Suy ra: M la anh cua 0 cho bdi ( %(00\ ). Khi C vach dddng tron 
(O; K) thi tap hop cac diem M la dddng trdn (Op R), anh ciia 
dddng trdn (O; R) cho bdi ‘£(00) ). 


• Tddng to, neu diem M ndm cung phia vdi B doi vdi CH thi tap 
hop cac di§m M la dudng trdn (0 2 ; R), anh ciia dodng trdn 
(O; R) cho bdi ‘ST OCT ). 


6 Cho hai dodng trdn (O), (O’) va mot doan thdng PQ co dinh. Hay 
ddng mot doan thang MN song song va bftng PQ sao cho M e (O) 
va Ne (O’). 


Huang ddn. Ddng dddng trdn (O”), anh cua dddng trdn (O) cho bdi 
phep tinh tien T( V ) vdi V = PQ hoSc V = QP. 
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Giai 

Gia suf ta da dung dupe doan thing MN song song va bing PQ, 
vdi M e (O) v& N e (O’). (Hinh 14) 

Ta suy ra rang N thudc hai dudng tr6n: 

- Dudng trdn (O’) da cho. 

- Dudng trdn (O”), anh cua 
dudng trdn (O) cho bdi ph6p 
tinh tien T( V), vdi V = PQ 
hcSc V = QP. 

Do d6 N la giao diem cua hai 
dudng tr6n (O’) va (O”). 

Ta suy ra cdch dung doan thing Hinh 14 

MN song song va bing PQ nhu 

sau: 

- Dung dudng tr6n (O”), anh cua (O) cho bdi phdp tinh tiin T( V ), 
vdi V = PQ hodc V = QP. 

- TU N ke NM= - V , Me (O), ta c6 MN la doan thing phai dung. 

Biin ludn: Goi (0”i) va (0” 2 ) theo thU tu la anh cua (O) cho bdi 
cic phdp tinh titfn T( PQ) va T( QP). 

- Niu (O’) cit (Oi”) va (0” 2 ) tai Ni, Ni’ va N 2> N 2 ’: C6 4 nghi^m 
hinh (hinh 15). 

- Niu (O’) cit (Oi”) va tiip xuc vdi (0 2 ”) hoac cit (0 2 ”) va tiep xuc 
vdri (Oi”). C6 3 nghi§m hinh (hinh 16). 

- Neu (O’) chi cit (Oi”) va khong co dilm chung vdri (Oa") hoac cit 
(0 2 ”) va kh6ng c 6 diim chung vdi (O”) hoac (O’) ti£p xuc ding 
thdi vdi (Oi”) va (0 2 ”): C6 2 nghi$m hinh. 

- Niu (O’) chi tiip xuc vdi mOt trong hai dudng tr6n (0!”), (0 2 ”): 
C6 2 nghi^m hinh. 

- Niu (O’) khong c6 di£m chung vdi ca hai dudng tr6n (0!”) va 
(0 2 ”), khong co nghipm hinh. (Hinh 17) 

* Chu y: Dudng noi tam 00’ khong bit buQC phai 3ong song 
vdi PQ. 
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Q 


Hinh 15 


Hinh 16 




Hinh 17 


7. Cho mpt dilm A va mot dudng thdng D khong qua A. Hay dung 
mpt dudng tron co ban kinh R di qua A va chan tren D mot doan 
c6 chieu dai / cho trUdc. 

Hilcng dan: 

Cdch 1. Goi O la tfim dirdng trdn (C) phai dung. Ke OH ± D tai H 
=> OH = d khong doi. X4e dinh dirge 0. Dung dirge dirdng trdn (C). 
Ccuh 2: Dung dirdng trdn (a) tam I tuy y, co ban kinh R va chan tren 
D doan MN = l. Cho dudng trdn (a) tinh tien doc theo phufemg D. 

Giai 

Gi?. su ta da dung dupe dudng trdn (C) tam 0 ban kinh R di qua A 
vd chan tren dudng thang D mot doan PQ = /, / la do dai cho trUdc. 
Dung OH 1 O tai H => PH = HQ = /. 

Taco: OH = Jr 2 ^ ' 4R -~ , 





Diem O n&m tren hai dudng: 

• Di/dng tron (A) tam A b6n kinh R. 


• Buftng thing A // D v6 c6ch D m6t doan 




(C6 hai difdng thing A va 


A’). 


Ta xac dinh di/ac dilm O. 


Di/dng tr6n (C) tam O, b6n kinh R 16 dudng tr6n phai dung. 
Th£t v$y: Goi P v6 Q 16 giao dilm cua (C) v6 D. K h OH _ D. 

Ta c6: PH 2 OF 2 - OH 2 = ---> PII = - => PQ = l. 

4 2 


Bien ludn: 

• N6'u R < —: B6i to6n khdng c6 ldi giai. 


• Xdt R > 

2 

+ Goi d 16 khoang c6ch tCr diim 0 d§'n dudng thing D va t la 
khoang t£r A d£n D. 

Ta cin c6: d < R 

t-d<R=^t<2R hoftc: t + d < R 
Do d6, chi din diiu ki§n t + d < R 16 b6i toan cd ldi giai: 06 4 
nghi^m hinh (Hinh 18). 

* Cdch 2: Hoc sinh tu giii. 
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8. Cho iai duimg trim (O; R), (O’; R’> va mot dudng thSng A co dinh. 
Hay dung theo mot dudng tilling D co phuung song song vdi A sao 
cho (0) va (O’) chan tron I) hai day bang nhau MN va PQ. 

Huar.g dan: Ke OH, O'Ji' . V Hat OH = d, O’il’ = d’ khong doi. 


Dung OH, O’H’ 1 \. (Hinh 19). 

Dai OH - d, O’H’ - d. Gia su d > d' va R > R 
Thco gia thiet, ta co: PQ = MN 



Hinh 19 


D nh hudng MN va PQ sao cho: 

PQ = MN 

<x> PM = QN. 

Ding O’O” sao cho: 

O’O” = PM = QN. 

O nSm tren trung true cua doan PQ. Suy ra: O” n&m tren trung 
trie cua doan MN. 

Dj do ta co: 0” e OH 

=> 00” = d - d\ 

00” la tiep tuyen cua dudng ti’on tam O ban kinh R = d - d’. 

Sty ra M 1& giao diem cua dudng trim (0; R) va dudng trdn (O”; R’) 

* Jack dung: 

Dung OH 1 A. 

Dung O’O” 1 \ tai O”. 
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Dung dudng tron (0”; R’) cdt dudng trdn (O; R) tai M vk N. 
Dudng th&ng MN Id dudng th&ng D phai dung. 

* Chiing minh: 

Ta c6: OH 1 A, O’O” i OH => O’O” // A. 

Dudng tr6n (O”, R) c6 the xem Id dnh cua dudng tron (O’, R’> cho 
bdi phdp tinh tid'n O'O"). 

Goi P, Q la giao diem cua dudng th&ng MN va duprng trdn (O’; R’). 
Dinh hudng PQ sao cho PQ cung hudng vdi MN. 

Ta c6: PQ - . MN 

=> PQ = MN 

MN 1 00’ =* MN // A, dpcm. 

* Bien ludn: 

Dudng trdn (O”; R’) cfit dudng tron (O; R) khi vd chi khi 
R - R’ < 00” < R + R’ 

=> R - R’ < d - d’ < R + R’. 

9. Cho tam gidc ABC c6 dinh A cd' dinh vd A — khdng <$di; B ?d C 
di dOng sao cho BC= a, khong doi. 

a) Tim tAp hop cdc dilm B vd C. 

b) Chufing td r&ng dudng cao BB’ cua AABC ludn ludn di qua mOt 
diem cd' dinh. 

Hudng ddn 

a) V$n dung dijih li hAm sin. 

b) Goi H 1A true tarn AABC. Chufng minh H cd dinh.. 

Gidi 

a) Dung dudng trdn (a) tam O ngoai tidp tam gidc ABC. 

Goi R Ik bdn kinh cua dudng trdn (a). - 
Theo dinh li hAm sin, ta cd: 

R = ^ = —-—, khong doi. 

2 sin tp 2 sin <p 

Suy ra O chay trdn dudng trdn (A) tdm A, bdn kinh R = —:—. 

2 sir (p 

AOBC can co OB ■= OC = R, BC = a va BOC = 2cp. 
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Ta suy ra: AOBC di dong nhiTng khong thay doi hinh dang vA 
luon luon bAng chinh no. dlmh 20). 



Cac vecto OB va OC co do dai khong doi va hop vdi vecto a 
mot goc khong doi 0 - 90" - cp nen cac vecto OB va OC la cAc 
vecto co do dAi va hodng khong doi. 

Dung AOi = OB, ACb = OC, cac vecto AOi va A0 2 co dinh. 
Suy ra: B la anh cua 0 cho bdi % AOi) va C 1A anh cua O cho 
bdi AOi). 

Khi O chay tren dudng iron (A; R) thi tAp hop cac diem B 1A 
dudng tron (Og R), anh cua dudng tron 0 cho bdi AOi). 

Tap hop cAc di£m C la dudng tron (0 2 ; R), anh cua dudng tron (A), 
o) Goi A’ 1A giao diem thuf hai cua cAc dudng tron (Oi) vA (0< 2 ). 
r\ r\ _ rjp i 

Ta co: 12 AH 1 BC. 

0,0 2 1 AH j 

Dudng tron (0 2 ) c6 the xem 1A anh cua dudng tron (Oi) cho bdi a ). 
Goi D 1A diem doi tam cua did’m H trong dudng tron (0 2 ) vA I 1A 
giao diem cua AH va 0i0 2 . 

=5 AD = 210 2 = BC 

=^> Cl) // AB, HCD = 90° => CH 1 AB. 

Suy ra: H 1A true tam \ABO. 

D co dinh nen H cd dinh. 

Do do dudng cao BB’ cua AABC luon luon di qua di£m cd dinh H, 
true tam cua AABC. 
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10. Trong mat phang (Oxy), cho dilm M(x m ; yiw> va vector a = (ai; a 2 ). 
Goi M’(x M ’; Ym ) la anh cua M cho bdi phep tinh tien a >. 

Hay xdc dinh toa d§ cua M’ theo toa do cua M va toa d6 cut a. 



Hinh 21 

11. Trong mat phang (Oxy), cho diem A(l; 3) va a= (-2; 4 : . Xic dinh 
diem M’, anh cua diem M cho bdi phep tinh tien a ). 

Giai 

Theo b4i 10, ta co toa do diem M’ cho bdi c6ng thufc: 

| x m = *m +Si =1-2 = -l 

1 y M ’ = y M + a 2 = 3 + 4 = 7 

vay M’(-l; 7). 

12. Trong mat ph&ng (Oxy), cho vector a = (1; 2). Tim anh cua dulling 
trbn: (C): x 2 + y 2 - 4x - 2y -4 = 0 cho bori phep tinh ti£n ^a ). 

Giai 

Budng tr6n (C): x 2 + y 2 - 4x - 2y - 4 = 0 c6 tam 1(2; 1), bda Uriah 
R = 3. 

Goi I’(xo; yo) la dnh cua I cho bdi phdp tinh ti§'n <S( a). 

Ta c6: j x ° = x > + a ‘ ^ r(3; 3). 

y 0 = yi + a* = 3 

Ta biet rang dnh cua m^t dodng trdn cho bdi ph£p tinh ti§'n la 
m$t diidng tr6n bang diidng trdn da cho. 

Do do ta co anh cua diidng trdn: (C): x 2 + y 2 - 4x - 2y —4 = 0 la 
diidng trdn (C’) co phucrng trinh: (x - 3) 2 + (y - 3) 2 = 9 
<=> x 2 + y 2 - 6x - 6y + 9 = 0. 
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13, Trong mat ph&ng (Oxv), cho vectcf a 
phep tinh lien ?S1 a ) cua cac conic sau 

a) Parabol (P): y 2 = lx. 


b) Blip (E): 



y 

9 


1 , 


= i 1; 2). Tim anh cho bdi 


c) Hyperbol: (H): — V 1 

16 9 

Giai 

a) Goi M(x; y) la mot diem thupc Parabol (P): y 2 = 4x va M’(x 0 ; yo) 
la anh cua M cho bbri phep tinh tien "5! a ). 

, f x„ = x + 1 : x = x, - 1 

la co: •' •: :■ 

i y. = y + 2 j V - y„ - 2 

M € (P) c=> y 2 = 4x 


r> ty, - 2r - 4tx„ - 1 


<=> x 0 = - yo - y.i + 2. 

4 


Vay: Anh cua parabol (P): v 2 = 4x cho bdi phep tinh tien <g(a) 
la parabol (P’>: x = ^ y 2 - y + 2. 


x~ v" 

bii Titcmg tur ta co anh cua elip (E): : - + —- = l 

16 9 


la elip(E’): 

16 9 


c) Anh cua hyperbol (lit: 


^ y 

16 9 


la hyperbol (H’>: ' - 11 - L ?- 2 L = 1, 

16 9 


14. Trong phep tinh tien T( V ) vbi V = (-2; 4), hay tim anh cua: 

a) Diidng tron (y): x 2 + v 2 - 4x + 6y = 0. 

b) Parabol (P): y 2 = 2x. 

c) Elip (E): 4x 2 + y 2 = 4. 

d) Hyperbol (H): x 2 - 4y 2 = 4. 

Hoc sinh tii giai. 


25 



15. Cho hai dirdng trdn (O) vA (O’) giao nhau. Goi A la m$t trong hai 
giao diem. 

Qua A, ke m$t cAt tuyd'n (A) cAt (O) tai B vA (O’) tai C. Tren (A) 


lAy hai doan AM vA AN sao cho: AM 


AN = -BC. 
2 


a) Dong OP = — BC. Chtfng minh: PM = OA. 

2 

b) Suy ra quy tich cua M vA N. 

Giai 

Ta cd: OP= -BC 
2 

AM = -BC (Hinh 22) B 
2 



Hinh 22 


^ OP = AM o PM = OA 

Suy ra: M la anh cua P 
trong phep tinh tien ^ OA) 

Goi I va J theo thur to 1A 
trung did’m cua AB va AC. 

Ta c6: 01. O’J 1 (A) vA IJ= ^BC => OP = IJ => PJ i (A) 

2 

=> P e O’J => OPO' = 90°. 


M 


Khi dirdng thing (A) quay quanh di<?m A thi P chay trdn drdng 
trdn (a) dirdng kinh OO’, tAm K 1A trung diSm cua doan OO 

TAp hop cAc diem M 1A dirdng trdn (P), anh cua dirdng trda (a) 
cho bdi phdp tinh ti£n OA). 

* Vi diem N 1A did’m doi xtfng cua M qua A nen t£p hop cAc 
did’m N 1A dirdng trdn (y), anh cua dirdng trdn (P) cho bori ohtdp 
dd'i xufng S(A) qua diem A. 

16. Trdn dirdng trdn cd' dinh (O; R) cho trudc, lA'y hai diem cd' diib A 
vA B, C 1A m0t did’m di d<)ng trdn (0) vA khdng trung vdri A, E. 

Goi H 1A true tarn cua AABC; P vA Q 1A giao did’m cua hai drdng 
trdn tarn C ban kinh CH = p vA difdng trdn tarn H bAn kinh p. 

Tim tap hop cAc diem P, Q. 


Giai 
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Ta co: Cl I = DB = 2 01 (xem bai 
5). Trong do, D la diem dm tam 
cua A va I la trung diem cua 
doan AB. 

Dieu nav chdng to CH la mot 
vector co phoong, chieu va do dai 
khong doi. 

D&t CH = V , co dinh va 
I V I = CH = p. 

Tam gidc ACHP deu. 

Dong OO' = 2 01 = CH; 00, = CP 
Suy ra: A00’0 ; deu va cd dinh vi co mot canh cd dinh 00’. 

Do do ta co: P la anh cua C trong phep tinh tien 1% OOi). (Hinh 23) 

Tap hop cac diem P la docrng tron (a), anh cua dodng tron (O) 
cho boi phep tinh tien 00, ), tam O,, ban kinh R. 

Toong tp, ta co tap hop cac diem Q la dodng tron (p>, anh cua 
dodng tron (O) cho boi phep tinh tien "Si OCb). 

17. Tren dodng thSng cd dinh x’x, lay mot diem B cd dinh va mdt 
diem C di dong. Dong tam giac APBC can tai P. Biet dodng tron 
(0) ngoai tiep tam giac APBC co ban kinh R khong doi, hay tim: 

a) Tdp hop (E) cdc didm P. 

b) Tap hop (F) trite tam H cua APBC. 

Giai 



a) Vecto OP co phoong khong 
doi (vuong goc vcri dOcrng 
th&ng x’x) va co do dai 
khong dd’i (OP = R). 

Dong BA = OP :> BA 
cd dinh. 

Suy ra: P la anh cua O 
trong phbp tinh tien 
BA). 



Tap hpp cac diem O la docrng Hinh 24 
tron (a) tam B ban kinh R. 
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Do d6, tap hop c6c diem P 16 dodng trdn (0), anh cua dodng 
trdn (a) cho bdi phdp tinh tiin BA), 16 dodng trdn tfim A 
b6n kinh R. (hinh 24). 

b) Goi I la trung diem cua BC va O’ la di£m doi xOng cua diem 0 
qua dodng thing x’x. 

Ta c6: PH= OO' c=> CVH = OP = BA. 

Suy ra: H 16 anh cua O’ trong phdp tinh ti@'n S( BA ). 

O’ e (a) (Vi sao ?). 

Do do: Tip hop c6c dilm H 16 anh cua dodng tron (a) cho bdi 
phep tinh tien i5( BA), chinh 16 dodng tron (0), t6p hop c6c 
diem P. 

Nhan xet ring: Duong tron (0) tie’p xuc vcri dodng thing x’x tai B. 

18. Cho hai dodng tron (Ox; Ri) v6 (0 2 ; R- 2 ) va mpt phuong (d). Hay 
dung mot dirdng thing D co phuong (d) sao cho hai dirdng trdn da 
cho (Oj) va (0 2 ) chin tren D cac day cung MN v6 M’N’ co tong 
bing mot dp d6i l cho trirdc. 

Gidi 

* Gia sir ta dung dope mpt dirdng thing D co phuong (d) cit cac 
dirdng tron (Ox) v6 (0 2 ) d6 cho theo thuf to tai Mi, Nx va M 2 , 
N 2 sao cho ta’cd: 

Spr, + M^ 2 = l. 

Vecto Z c6 phoong (d) va c6 dd d6i bing Z: I Z I = Z. (Hinh 25) 



Cac vecto M,N,, M 2 N 2 cung hodng vdi vecto 1. 
Dong Spf, = Z => NjM'j = M~N 2 
=> N 2 M', = m 2 n, . 
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Dung 0,0', = / > M M =. 0 O' 

Ta suy ra M’i la anh cua M ; trong phep tinh tien 1 ). 

Do do M’i nftrn tron dudng iron (O Ra. 

Mac khac M’i la anh cua N trong phep tinh tien '!$ M 2 N, ) 

Du'ng 0 2 0' 2 = M.,N, O', nam tron trung trite A cua N]M’i va 

cua 0]0’i. 

Do do, M’i nkm tren dudng tron (Oh; R 2 k 

Ta suv ra M\ la giao diem cua cac dudng tron (OV Rj) va (0’ 2 ; R 2 ). 
Dung dUdc M’] la dung duuc dudng thang D. 

* Ta suy ra each du’ng dudng thang D nhu sau; 

+ Dung 6,0', = / . 

+ Du'ng trung true \ cua doan OjOV 
+ Qua 0 2 . ke 0.0! song song vdi ;d) cat A a Oh. 

+ Dung cac dudng tron (Oy; Ri) va (0' 2 ; R 2 ) cat nhau tai M’i. 

+ Qua M’i, dung dudng thang D song song vdi (d). 

D la dudng thang phai dung. 

* Cluing mink. 

Hoc sinh tu chUng minh. 

* Bicn luan: Dieu kien ton tai MV 

IR, - R 2 1 < 0;0' < R, + R 2 

Goi H la trung diem cua doan 0,0'. Dat 0’ 2 H = d. Ta co: 

o;o:,=d 2 +-. 

4 

=> (R! - R 2 ) 2 < d 2 + - <- (R; + R 2 ) 2 . 

4 

« <R, - R 2 ) 2 - d 2 < - < (Rj + R,» 2 - d 2 . 

4 

Vdi dieu kien: d < R, + R 2 , ta co; 

- Neu l = 2 7(R, -R ¥~<V v l = 2 . 

Bai to&n c6 1 nghiem hinh. 

- Neu 2 7(R, - R ,7 ~ cF < / < 2 /(R, + R.,) 2 - d T . 

Bai todn co 2 nghiem hinh. 

If. (Cho hai dudng tron (O; R) va (O’; Rh va mot phuong (d). 

HAy dung mot dudng thang (d) sao cho hai dudng tron da cho (0) 
vA (O’) chSn tren D cac day cung MN va M’N’ co hieu tiling mot 
(do dai cho trude. 



HiCdng ddn: C6 the gia sOf MN > M’N’. Ndu khong thi chi can aoi 
chidu bd't ding thUc. 

Ta se cd: MN - Mf = l 

o MN + Wit = l . 

Trd lai bdi 18. 

20. Cho dudng trdn (O; R) cd dinh vd m$t diem cd dinh A n&m ngodi 
dudng trdn; MM’ Id mOt dudng kinh di dpng cua dudng trbn. 

Dudng thing AM cdt (O) tai diem thuf hai P vd cat duMrag thing 
qua M’ song song vdi OA tai Q. 

Dudng thing AM’ cit (O) tai didm thU hai P’ vd cit ducfmg thing 
qua M song song vdi OA tai Q’. 

a) ChuTng minh dudng thing QQ’ di qua m$t diem cd dinh. 

b) Tim tdp hop cdc diem Q vd Q\ 

Giai 

a) TU cdch dung, ta cd: 



MQ = M'Q' = 20A. 

Goi O’ Id dilm ddi xUng cua didm 0 qua tdm A, O’ e QQ”. 

V$y: QQ’ luon lu6n di qua didm cd dinh O’. (Hinh 26). 

b) Ta cd: Q vd Q’ theo thiir tu Id anh cua M vd M’ trong plhdp tinh 
ti§n <g(00'). 

Do dd khi dudng kinh MM’ quay quanh O thi tap hpp cdt didm 
Q vd Q’ Id dudng trdn (O’; R), anh cua dudng trdn (O; R > cho bdi 
phdp tinh tien ^OO'). 
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Chu'dng II. PHEP OOI XffNG 


KIEN THLTC cAn NHCf 

I. Phep doi xufng qua tam (do i xu'ng tarn) 

J. [>tnh nghta 

a> Anh cua mot diem 

Trong mat phang, cho diem co dinh 0 va mot diem M 
Diem M’ dupe goi la diem doi xUng 
cua diem M qua O hay anh cua diem 
M trong phep doi xUng tam O. 

ki hi£u S(O), khi O la trung diem 
cua doan MM’ (Hinh 27). 

O goi la tam doi xUng 

M sip, M , ^ f M - °> M ' h a°g 

]OM' = OM 



c* OM' = -OM . 

• Anh cua didm O trong phep doi xdng S(O) la diem O’ trung vdi 
diem O. 


O goi la diem bat dong hay diem kep trong phep doi xufng S(O). 

• Ngupc lai: M cung la anh cua M’ trong phep doi xufng S(O). 

• Cdch vd anh M’ cua M cho bdi S(O): 

- Noi MO. 


- Tren tia doi ciia tia OM, lay diem M’ sao cho OM’ = OM 


M’ la anh cua M cho bdi S(O). 

b) Anh cua mdt hinh 

Khi diem M ve mpt hinh (F) thi 
anh M’ cua M cho bdi S(O) sd 
va mpt hinh (F’) goi la anh 
(bien hinh) ciia hinh (F) cho bdi 
S(O). (Hinh 28). 



Do dd: Anh (bien hinh) cua mpt hinh (F) cho bdi S(O) la mdt 
hinh (F’) gom tat ca cac did’m anh cua tat ca cac diem cua hinh 


(F) cho bdi S(O). 
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(F) = |M’ / M 324 M’, M e (F)|. 

Neu (F’) trung vdri (F) thi O goi la tam doi xtifng cua hinh (?) 
2. Tttth chat 


Trong phdp doi xtfng t4m, anh cua hinh (F) la mpt hir.h (F’) 
bang hinh (F): 

(F) (p) = (F) 

Do d6: Phdp dd'i xtfng tam la mdt phdp dcfi hinh. 

3. Ditth It 

Trong phep doi xufng tam S(G): 

a) Anh cua mpt dudng thing D la mpt dudng thing D’ song song 
vdi D (Hinh 29a). 

b) Anh cua mpt tia lx la tia IV song song va ngiicrc chidu vdu lx, 
I’ la anh cua I (Hinh 29b). 


D D’ 



c) Anh cua doan thing AB la 
doan thing A’B’ song song va 
bang AB, A’ va B’ theo thu: tu 
la Inh cua A va B (Hinh 29c). 

A ,-2(24. A* 

B -2124 B’ 

AB 1-2124 A’B’ !L AB. 


I’ 



Hinh 29b 


B A’ 



d) 


Anh cua m$t vectd la mdt 


vecto doi cua no (Hinh 

29d). 

A - 

-2124 A’ 


B - 

■2124 B’ 


AB 

1-2124 AT? = 

-AB 
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p) Anh cua mot goc xAy la mot goc x Ay' bang goc xAy, trong 

do A’x’ va A’y’ thoo thuf tu' la anh cua Ax va Ay cho bdi S(0) 
(Hinh 29e). 



y’ 

Hinh 29c 


f) Anh cua mot difong tron (I) la mot di/Ong tron (I*) bSng diidng 
tron (I), trong do tarn I’ la anh cua tarn I cho bdri phep doi 
xufng S(O) (Hinh 30). 



Hinh 30 


4. Dot xifng tarn ct’ta htii during tron bang nhau cho trade 

Bfit ki 2 dtrbng tron nao bhng nhau cho trifbc cung co the xem la 
doi xurng cua nhau trong mpt phep doi xiifng tarn ma tam doi 
xiing la trung diem cua doan noi tam hai ditdng tron da cho. 

5. Ttch cua 2 phep doi xiriig tam 

Gia suf Mj la doi xdng cua M qua tam 
Oi va M 2 la doi xdng cua Mi qua tam 
O 2 thi ta noi M 2 la anh cua M cho bdi 

M ,J«°i4 M, ~ s A'A1>m 2 M M 2 



tich cua hai phep doi xdng tam S(0i).S(0 2 ) 


Hinh 31 


Ta co: MM 2 = MM, + M,M, 


= <0,M, + M.Oy = 20,0,. 
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Do do: M 2 14 4nh cua M cho bdi phdp tinh tidn T(20,d 2 ) (Hinh 31). 
Vfiy: Ti'ch cua hai phdp doi xufng tarn 14 mot phep tinh tien 
S(0,).S(0 2 ) = T(2d I d 2 ). 

Ttfcmg tir ta c6: 

S(0 2 ).S(0 1 ) = T(20^ 1 ). 

Tlch cua hai phdp dd'i xufng tfim khong c6 tinh giao hodn: 
S(O t ).S(0 2 ) * S(0 2 ).S(0!) 

SfOi).S(0 2 ) = -[S(0 2 ).S(0j)]. 

• Chu y: Tlch SKChJ.SlOi) 14 m$t phdp bid'n doi dong nhat 

M 32i4 m, m 2 = M. 

II. Phep dd'i xufng qua tr^c (doi xufng true) 

1. Dinh ttghta 

* ■» ^ . 

a) Anh cua mdt diem 

Trong mat phang, cho difdng thSng co dinh A va mdt diem M 
Dilm M’ di/pc goi 14 4nh cua didm M trong phdp doi xufng qua 
true A, kl hi#u S(A), khi A 14 trung true cua doan MM’. 

M :-^4 M’ 

NgUpc lai: M cung anh cua M’ cho bdi phep doi xiifng S(A). 

• C4ch vd anh M’ cua didm M 
cho bdi phep d<fi xufng S(A). 

Ke MI i A tai I. 

Trdn tia dd'i cua tia IM, ldy 
diem M’ sao cho IM* = IM, M’ 

14 anh cua M cho bdi phep dd'i 
xufng S(A). (Hinh 32). 

• A goi 14 true dd'i xufng. 

• Vdi moi did’m M € A, anh M’ cua M cho bdi phdp doi xufng 
SKA), trung vdi M. 

A la tap hdp nhtfng didm kdp (did’m bat ddng) trong phdp doi 
xufng S(A) 

A -^4 A. 

b) Anh cua mot hinh: 

Khi diem M ve mpt hinh (F), thi anh M’ cua M cho bdi phep 
dd'i xufng S(A) se ve mOt hinh (F’) goi la anh (hay bien hinh) 
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cua hinh (F) cho hoi phep doi xufng S( \) (Uinh 33). 


Do do: Anh (bibn hinh) 
cua mot hinh (F> cho hoi 
phep doi xufng S( \) la mot 
hinh ( F’ ) gom tat ca cac 
diem anh cua tat ca cac 
diem ciia hinh (Fi cho bdi 
phep doi xufng S(A). 

(F’) = (M / M -^4 M’, M e (F)|. 
Neu (F’) s (F) thi \ goi la true 
doi xdng cua hinh (F). 



Hinh 33 


2. Tinh chat 


Trong mat phSng, phep doi xufng true khong Dhai la mot phep 
ddi hinh, nhimg van bao toan khoang each va do lcfn cua goc. 


3. Ditth li: Trong phep doi xtfng S(A) 

a) Anh cua doan thang AB la doan 
thSng A’B’ = AB (Hinh 34a). 

- Neu AB // A thi A’B’ // A 
(Hinh 34b). 



- N&u AB cat A o mot diem O 
thi A’B’ cung cat A o 0 
(Hinh 34c). 



A Hinh 34c 


b) Anh cua tarn giac ABC la mot tarn giac A’B’C’ bang nhau 
ngufoc vdi tarn giac ABC. 
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4. Tick so cua hai phep d6i xiiftg true 
S(A!).S(a 2 ) = ? 

a) Tritdng hop hai true dd'i xdng giao nhau 

Goi O la giao di£m cua hai true doi xdng Ai va a 2 . 
Ta c6: M -^4 M’ -^4 M” M 0 

Suy ra: OM = OM’ = OM” ^ * 

(OM,OM') = 2(Aj, A 2 ) = 2a[2n] 

Do d6: M” l£i dnh cua M trong 
phdp qua R(0; 2a), tarn O v& g6c 
quay 2a (Hinh 35a) (Hoc sau) 

S(Ai).S(A 2 ) = R(0; 2a) 

Tuong tu, ta c6: S(A 2 ).S(Ai) = R(0; - 2a). 

b) Trudng hap hai true dd'i xdng song song vai nhau 
Ta c6: MM' =2HK 
Do dd: M” la anh cua M cho bdi 



phdp tinh ti§'n T(2HK) vdi 
HK = d(A x , A 2 ) (Hinh 35b). 


S(A!).S(A 2 ) = T(2HK). 


« It 



• w 

M H 

) 

M’ 

K 


vvr 


Vfiy: Tich cua hai phdp dd'i xdng 
true khdng cd tinh giao hodn 
S(Ai).S(A 2 ) * S(A 2 ).S(A!). 


Ai A 2 

Hinh 35b 


Lay|N t$p 


21. Cho hai dudng th&ng song song D va D\ 

H6i D va D’ c6 thd xem la hinh dd'i xdng cua nhau? 

1. Qua m$t didm 

2. Qua m0t true 
hay khdng? 

Hiidng ddn 

Dung HH’ vufing goc vdi D va D’, H e D va H’ e D\ Chu j trung 
diem I cua doan HH’. 

Giai 

Xem hai dudng song song D va D’. 
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Difng mot ddbng thang \ vuong goc vdi D va D’ theo thur ti ( tai 
H va H’ (Hinh 36). 


1. Lay mot diem M bat ki thuoc difdng thftng D. 
Goi I la trung diem cua doan 
HH’. Duong thSng MI cftt L)’ 
tai M’. 

Ta co: AH’M’I = AHMI => IM’ = IM 
Si;y ra M’ la anh cua diem M 
trong phep doi xdng S(I) tarn I. 

Khi M ve dubng thang D 
thi M’ve dudng thang D’ va 
ngitpc lai. 


M 

H 

\ 

c 

V 

- 



\ 

I 

\ 

n 

\ 


H’ 

M’ 


A 


D 


D’ 


Hinh 36 


VSy: Hai di/cfng thang song song D va D’ 
doi xdng nhau qua tarn I, I la trung diem 
cua doan HH’ vuong goc vdi D va D’. 

2. Qua I, dung dddng thang (d) song song vdi D va D’ (Hinh 37) 


H M 



D - 

J 



- 


“1 

3 _ 

I 



7 . 


£ 


□- 

□_ 


H’ M’ 


D 

(d) 


D’ 


Hinh 37 


Te chdng minh dis dang D va D’ doi xdng nhau qua (d). 

22. Trong cac hinh sau, hinh nao co m<j>t tarn doi xdng 

A. Q Hinh binh hanh? B. Q Hinh chuf nh&t? 

C. Q Hinh thoi? D. Q Hinh vufing? 

E. Q A, B, C, D deu dung. 

23. Trong cac hinh sau, hinh nao co mot tarn doi xdng: 

A.. □ Hinh trdn? B. □ Blip? 

C. □ Hyperbol? D. □ Parabol? 

E_ [] A, B, C dung. F. Q Tat ca deu sai. 
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24. Trong cac hinh sau hinh nio c6 hai true doi xufng: 

A, Q Hinh binh hinh? B. Q Hinh chuf nhit? 

C. Hinh thoi? D. Q B vi C deu dung 

E. Q Cic ciu tren diu sai. , 

25. Trong cic hinh sau, hinh nio co hai true doi xiifng? 

A. □ Elip? B. □ Hyperbol? 

C. Q Parabol? D. Q A va B deu dung 

E. C Tit ci deu sai. 

26. 1. Diidng trdn c6 vo si tam dii xufng: 

A. Q Dung B. Q Sai. 

2. Dudng tron c6 v6 so true dii xufng 
A. □ Dung B. □ Sai. 

27. Chufng minh ring m$t dudng thing bit ki: 

1. C6 vo si tam dii xufng. 

2. Ci vo s6' true doi xufng. 

Gidi 


Liy mdt dudng thing D nao d6. 

1. Liy mit dilm O bit ki thu|c D 
Liy dilm M e D 

Trdn tia dii cua OM, lay mit dilm M’ sao cho: 

OM’ = OM. 

M’ la anh cua dilm M trong phip doi xufng S(O). 

Khi M ch$y tren dudng thing D thi M’ chay tren dudng thing D. 
Ta suy ra O li tim doi xufng cua dudng thing D. 

O Id mOt dilm bit ki thu§c D do do dudng thing D co vt so 
tim doi xufng. 

-•-if-•-if-•-D 

MOM’ 


2. Dung A 1 D tai O. 

Suy ra A li trung true cua doan MM’. 

Nhu vay M’ la anh cua diem M trong phep doi xufng SU). 

Khi M chay tren dudng thing D thi M’ cung chay trea dudng 
thing D. 
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Ta suy ra A la true doi xdng rua ditdng thang D. 

O bat ki thuoe i) no;: u<tbng 
thang D eo vo so true doi xiing 
Vay: • Mot ditdng thang eo vo 
so tarn doi xiing. 

Mot diem bat ki cua ditdng 
thang la tam doi xiing ciia 
ditdng thang do. 

• Mot ditdng thang eo vo so true doi xiing. 

Moi ditdng thang vuong goc von mot ditdng tiling cho tritdc la 
true doi xiing cua ditdng thang do. 

28 Chtng minh ring trong mot tam giac, khoang each tit mpt dinh 
den trite tam bang hai lan khoang each tit tam ditdng tr6n ngoai 
tie? tam giac den canh doi dien eua dinh do. 

Hiring dan: Xem bai 5. 

Hoc sinh tit giai. 

29. Che tam giac ABC trite tam H noi tiep trong ditdng tron (O). 

Ching minh rang cac ditdng tron ngoai tiep ede tam gidc HBC, 
HCA, HAB bang nhau. 

Hiring ddn 

Ding ditdng cao AA\ cat dudng tron (O) tai H’ 

Chtng minh H’ la diem doi xiing cua diem H qua BC nghla la 
chtng minh A'H' = A H => dpem. 

Giai 

Ditag ditdng cao AA’, cat ditdng iron 
( 6 )tai H’, Noi BH (Hinh 38) 

Ta :o: 

• B = Ai (Vi sao?) 

• 82 = Ai (gdc nhon eo canh doi 
not vuong goc) 

=> 3i = Ba 

=> n am giac BHH’ can tai B. H’ 

Su> ra BA’ con la ditdng trung trite Hinh 38 

ATT = -A'H 
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H’ la anh cua H trong phAp ddi xtfng S(BC) qua BC. 

Ta c6: B >-*22+ B 

c I- SSS 4 C 
H .-2S5E4 H’ 

=> AHBC = AH’BC 

Do d6 dudng trdn ngoai tidp AABC bAng dudng tr6n (O). 

VAy: (HBC) = (HCA) = (HAB) = (O). 

(Ki hi§u (HBC) chi dudng tr6n ngoai tidp AHBC). 

30. Cho hinh binh hAnh ABCD tAm O, cd hai dinh A vA C cc dinh. 
Tim tAp hcrp dinh D trong cAc trudng hop sau: 

1. Canh AB = a khong doi. 

2. B cd hinh chidu len AC 1A B’ cd dinh. 

3. B di ddng tren dudng trdn (y) tam I, ban kinh R. 

Huang ddn 

1. Ta co: OD = -OB dpcm. 

2. AC c6' dinh, B’ cd dinh => B thu0c dudng nAo? 

Giai 


NhAn xdt ring A vA C cd dinh ndn dudng thing AC vA Him 0 
cd dinh. 

B vA D ddi xumg nhau qua O. 

1. Canh AB c6 d0 dAi khong ddi bAng a nen B chay trdn ducng 
trdn (A) tam A, bAn kinh a. 

D 1A ddi xutag cua B qua O. 

C 1A ddi xumg cua A qua O. 

Do dd tip hop cAc diem D 1A dudng trdn (C; a) Anh cua dtUdng 
trdn (A; a) cho bdi phdp ddi xtfng SKO) tAm O (Hinh 39). 
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2. AC co dinh, B' cd dinh non dirdng thang HB’ cd dinh. 

Huy ra B chay trdn duong thang \ 
vuong goc vdi AC tai IV 
Do do tap hop cac diem [) la 
dtfdng thftng A', anh cua dodng 
thAng A cho bdi phep doi xiing 
S(O) tam O. 

A’ song song vdi A, vuong goc vdi 
AC tai D’, D’ la anh cua B’ trong 
phep doi xhng S(O) (Hinh 40). 

3. Hoc sinh to giai. 

31. Cho hinh vuong ABCD tam O. Goi T la phep bien hinh, bien mdi 

diem M ndm trong m$t phdng (ABCD) thanh mot diem M’ sao 
cho: MM' = 3MA + MB MC MD . Hav xac dinh T. 

Huang ddn 

Viet MM' ditch dang: MM' = 2MA + (MA + MB) - (MC + MD). 

Giai 



Ta co the viet: MM’ = 3MA + MB MC - MD 

= 2 MA + (MA + MB) - (MC + MD). 


Goi I va J theo thuf to la trung diem cua AB va CD ta co: 


MA + MB = 2Mi 
MC + MD = 2MJ 
o MM' = 2MA + 2Mi - 2MJ 
o MM' - MA = MA + 2(Mi •- MJ) 

<=> AM' = MA + 2JI 
o AM' + AM = 2JI 2D A (Hinh 41). 
Goi K la trung diem cua MM’. 

Ta cd: AM' + AM - 2AK 
=o AK = D A 


D J C 


A 



I B 


▼ Hinh 41 


K 


Do do K la anh cua D trong phep doi xiifng S(A) tfim A. Suy ra K 
cd dinh. 


Ta cd: M’ la anh cua M trong phep doi xiing S(K) tam K. 


•- 

M K M’ 


Vay: Phep bien doi T da cho la mot phep doi xiifng tam. 
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32. Cho dtfdng tron (O; R) va hai diem co dinh A v& A’ d6i xurng nhau 
qua O. Tif diem M n&m trfen dirfmg trdn (0), ke MB = OA va 
MB' = OA'. Tim tSp hop 

1. Diem C doi xufng cua B qua AM. 

2. Di£m C’ dd'i xufng cua B’ qua A’M. 

Hudng d&n 

* So sfinh AC va AB; A’C’ va A’B’. 

Giai 



1. Ta c6: AC = AB (D6'i xufng qua AM) 

MB = OA AB = OM * R 
=> AC = R. 

Do ch C n&m tren dufdng tr6n t£m A bdn kinh R (Hinh 42) 

Khi diem M chay tr£n di/dng tr6n (0; R) ta co t£p hep cacdi&n 
C 1& difdng tron (A; R). 

Nhan xet rkng tap hop cac diem B cung chtnh 1& difcmg tron (0; R) 

2. Toong tit: Tfip hop c&c di£m C’ 1& difdng tr6n (A’; R) (Hinh 42). 

* 

33. Cho dtffrng thftng D v& hai diem A, B. Hay dimg di£m Me D saccho 

1. MA + MB dat gia tri nho nh&'t khi A va B n&m cung mOi phia 
d6'i vdi D. 

2. ! MA - MB! dat gi& tri 1dm nhat khi A vh B nkm ve hai phia <ua D. 
Huang d&n 

1. Difng A’ la diem doi xufng cua A qua D (hoSc B’ 1& dien doi 
xufng cua B qua D). 

2. C6 the gia suf MA > MB. Neu khong thi ta hoan vi A va 3 cho 
nhau. 
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Goi B’ la diem doi xt/ng cua B qua I) va lay B” e MA sao cho 
MB” = MB. So sank Air va AB 

Giai 

1 Goi A’ la anh cua A cho 
hoi phep doi xirng S(D) 
qua true D. 

M la mot diem bat ki thuoc D. D 
Ta co: 

MA’ = MA => MA + MB = MA’ + MB 

=> MA + MB > A’B 

Do do MA + MB nho nhat la bang A’B 

=> miniMA + MB) - min(MA’ + MB) - A’B. 

Diou nay xay ra khi va chi khi ba diem A’, M, B thing hang 
nghla la M la giao diem cua A’B va diking thing D (Hinh 43). 

Vay: MA + MB dat gia tri nho nhat khi M trung vdi M 0 , giao 
diem cua A’B va di/ong thftng D. 

+ Chu y: Co the xet B’ la anh cua B cho boi S(D). Diem M phai 
tim la giao diem M 0 cua AB’ vdi D. 

. Gia suf MA > MB 

Goi B’ la anh cua B trong phep doi xufng S(D). 

Tren tia MA, lay diem B” sao cho MB” = MB (Hinh 44). 



Ta co: |MA - MB! = MA - MB 
= MA - MB” - AB” 

X6t AMAB”. Ta co: 

MA < AB’ + MB’ 

» MA - MB’ < AB’ 
co MA - MB < AB’ 



Hinh 44 B 


Do do |MA - MB| dat gia tri 1cm nhat la bing A'B. 

Dieu nay xay ra khi va chi khi ba diem A, B’, M thing hang 
hay M la giao diem cua AB’ va duemg thing D. 


VAy: |MA - MB| dat gia tri ldn nhat khi M trung vdi giao 
diem M 0 cua AB’ va D (hoSc cua BA’ va D) (Hinh 45). 
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34. Cho dudng trdn (O) tam O bin klnh R, dudng kinh AB vk mOt day 
CD, CD cat AB tai E * 0 sao cho AEC = 45°. 

Dudng tron (a) ngoai tiip AOCE cdt (O) tai diem thuf hai F. 

Chtfng minh rang F la anh cua D cho bdi phep doi xting S(AB), 
Huang ddn 

Chufng minh goc FOC = 90°. 

Giai 

Ta c6: OFC = OEC (g6c ngi tiep cung chan cung OC) 

^ OFC = 45°. 

I 

Dung 01 1 CF => I la trung diem cua dfiy CF. 

AIOF vuong tai I, co g6c OFC = 45° 
n£n vudng can dinh I => FOI = 45° 

=> FOC = 90° 

=> FDC = 45° (VI sao?). 

Ta lai c6: 

BED = OEC = 45° (Vi sao?) A 
=» EHD = 90°. 

H la giao di£m cua FD va 
dudng klnh AB 

= 3 . FD 1 AB tai H. Hinh 46 

Vky: D la anh cua F cho bdi phep dd'i xOfng S(AB), true la dudng 
thing AB. 

Nhan x6t: FEC = 90°. 

Dudng trdn (a) ngoai tiep AOCE co tam la trung diem cua d.av 
CF (Hinh 46). 
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35. Dung tarn giac ABC biet dmh A, trong tarn G cho trudc va hai 
dinh B, C nSm tren hai duong thang co djnh D, A (B e D; C e A). 
Huang dan 

Dung diem A’ doi xung cun diem A qua trong tarn G. TU do dung 
duqc trung diem I cua BC. Suy ra B va C doi xufng nhau qua I. 

Gidi 


Gia su ta da dung duqc tarn giac ABC co trong tarn G, vcn B e D 
va C € A. 

Goi I la trung diem cua canh BC 

=> IG = -GA. 

2 

Suy ra I co dinh. 

(Hoac dung GA' = -GA , A’ co dinh 
=> I co dinh). 

Do do B va C doi xUng nhau qua I Hinh 47 

Phep doi xufng S(I) bien dudng thang 
D thanh ducmg thang D’ song song vcri 
D, dudng thang D’ cat dudng thang A 
tai C. 



Dung IB = -IC. Duong nhien B e D. \ABC la tarn giac phai 
dung. 

Ta chufng minh dl dang G la trong tarn cua AABC (Hinh 47). 

+ Neu D // A thi D’ = A: Bai toan se co vo so nghiem hinh. 
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ChiMlig III. PHEP V| TV 

KI^N THLfC CAN NH0 
1. Dinh nghia: 

a) Anh cua mdt di£m 

Trong mat phlng, cho diem O cd dinh va ^ 

m$t didm M; k 1 la mOt sd cho trtfdc. 

Diem M’ dupe goi la anh cua didm 
M trong phdp vi tp tarn O, ti sd vi 
tp k, k * 1, ki hi$u H(0; k) khi 
OM' = k.OM 

Ta c6: M -^*4 M’: OM' = kOM . 

- Ndu k > 0: PhPp vi tp thu$n hay phep vi tp duong. 

- Neu k < 0: Phep vi tp nghich hay phPp vi tp am. (Hinh 48) 

Ngi/pc lai: M la anh cua M’ trong phep vi tp H(0; A) 

K 

• Tam vi tp O la diem k6p. 

Ndu k = -1: Phdp vi tp trd thanh ph6p ddi xPng tarn 

» 

b) Anh eda mdt hinh 

Khi M v§ hinh (F) thi M’ v§ hinh (F’ ) goi la anh cua hinh (F) 
cho bdi phdp vi tp H(0; k). 

V$y: Anh cua hinh (F) trong phep vi tp H(0; k) la hinh (F’) 
g6m tat ca nhPrtg didm anh cua tat cd nhtfng didm cue hinh 
(F) cho bdi phdp vi tp H(0; k) (hinh 49). 

Nhtf vdy, phdp vi tp la mpt phdp bidn hinh 


(F) H(0 = k) > (F’) 



M’(k > 0) 


M’ik < 0) Hinh 48 
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2. Tttth chat 

Trong phep vi tii H<(); ki: 

a) Anh cua mot diiong thang 1) khong di qua O la mot duong 
thSng D’ song song vdi I) (Hlnh 50). 

Neu D di qua O tin I) la anh cua chinh no. 

b) Anh cua mot tia Ax la tia A’x’ song song va cung chieu vdi Ax 
neu k > 0; song song va nguwc chieu vdi Ax neu k < 0; A’ la 
anh cua A cho ben phep vi to H(0; ki (Hinh 51). 

a) b) 

D' 1) D’ D 



a! b) 

> 



c) Anh cua doan t,h«4ng AB la doan thftng A’B’ sao cho 
A’B’ = |k|.AB (Hinh 52) 

A — 1 > A’ 

g H(Q;k ) ^ g> 
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d) Anh cua vecto AB la vecto A'B' cimg phucmg cung chieu 


vch AB n@'u k > 0 va ngUcrc chieu vdi AB neu k < 0 va 
| A'B 1 1 = |k|.| AB | (Hinh 53). 

A -> A’ 


B -► B’ 



e) Anh cua g6c xAy la goc x'A'y' bang goc xAy (Hinh 54 


A -> A’ 


Ax -► A’x’ // Ax 



f) Anh cua m$t ducfng trdn (I; R) la di/dng trdn (F; R’) c6: 

- Tam F la &nh cua tfim I cho bdi phdp vi tu H(0; k). 

- Ban kinh R’ = jk|.R. 

+ Phep vi tu thuan (Hinh 55) M 
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+ Phep 


Hinh 56 

Nhart xet: Neu (I’) la anh cua (I) trong phep vi tU H(0; k) thi (I) la 

anh cua (D trong phep vi tu H(0; — ). Ta noi chung vi tu nhau. 

k ' - 

Khi hai dudng tron vi tu nhau thi cac tiep tuyen chung ngoai 
di qua tarn vi tu neu k > 0; cac tiep tuyen chung trong di qua 
tam vi tu neu k < 0. 

i. St/ vi tni cua hai difctng tron cho tru&c 

Hai dudng tron (I; R) va (I’; R’) cho truck co the xem la hinh vi 
tu cua nhau bang hai phep vi tu. 

- Phep vj tu thuan H(0; k), tam vi tu O la giao diem cua cac 
tiep tuyen chung ngoai vdi duong noi tam II’, ti so vi tu k 
bang ti so cua hai ban kinh tucmg ufng. 

(I) (I*); k = — 

R 

ID -^4 (I); k = - 

R' 

- Phep vi tii nghich H(0’; k’). tam vi tu O’ la giao diem cua cac tiep 
tuyen chung trong vdi dudng noi tam II’, ti so vi tu k’ = -k. 

R’ . ,, R 

(k = - - hoAc k =- ) 

R R 

a) TrUdng hop hai dudng tron ngoai nhau (Hinh 57). 
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f) Truong hop hai during tron dong tarn ( Hinh 62). 

Tam vi tu thuan va lam vj tu nghich trung vrii tam cac during 
tron. 



Trong cac truring hop tong quat: tam cua hai during tron va cac 
tam vi tu tao thanh mot hang diem dieu hoa. (khong hoc). 

5. Ditth It: Cac tiep tuyen cua hai 
during cong vi tu nhau tai hai 
diem doi ring thi song song 
(Hinh 63). 

6. Tich cua hai phep vi tu 
a) Tich cua hai phep vi tu ddng tam 

H(0; k).H(0; k’) = ? 

M - — :lcl > M’ -TLTTg, M” 



(C’) (C) 

Hinh 63 


Ta co: OM' - kOM ; OM’ - k'OM' 1 => OM" - kk'OM'. 

Dieu nay chring to: M” la anh cua M trong phep vi tri 
H(0; kk’>: 

H(0: k).H(0; k’) = H(0; kk’) 
bj Tich cua hai phep vi, tu khac ttim (Hinh 64) 

H(0; k).H(0’; k’) =? 


M 


M 


H(0;k) 


> M’ 


HlO.k i 




Ta co: OM' = kOM (1) 
O'M' = k'O'M" (2) 



Ke M”N // OM. Ta co: 


NM* O'N O'M" 


OM' O'O O'M' 


k’. 
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=> N c6' dinh. 


Goi to giao dilm cua MM” v<Ji 00’. Ta co 


a>M' _ cdN 
wM coO 


NM" 

OM 


^ ^ = nm^ _ om: _ 

^ COM OM' OM 

Bi£u n6y chiifng to M” 16 anh cua M cho boi phep vi to H(o), kk’) 
(C6 the dung dinh li M6n61aiis de chiifng minh). xxx 


LUY|N T<§P 


36. Cho tam gi6c ABC c6 canh BC c6 dinh, chieu cao AH = h, khon; 
doi. Tim t6p hop trong tam G cua AABC khi A di dong. 

Hildng ddn: Xem phep vi to H(I; —) vdi I 16 trung li&m cu; 

3 

canh BC. 

Giai 


Goi I 16 trung diem cua canh BC; BC co dinh nen 1 co dinl 
(Hinh 65). 


Theo tinh ch&'t cua trong tam, ta c6 iG = - IA . 

Suy ra G 16 anh cua A trong phep vj to H(0; ^) t6m O, ti s« k = 

O 


1 

3 


Vi AH = h khdng d$i n6n t6p 
hop c6c dilm A 16 hai dodng 
th&ng Di v6 D 2 song song vdi 
BC, n&m ve hai phia cua BC va 
c6ch BC m$t doan b6ng h. 

Do d6 t4lp h?p c6c di£m G 16 
hai dufifng th&ng D’i v6 D’ 2 theo 
thuf tif 16 anh cua Di va D 2 cho 

bdi ph6p vi to H(J; - ). 

3 



D’i v6 D’ 2 n&m ve hai phxa cua BC Hinh 65 

song song vdi BC va each BC mpt 

doan b&ng ^ . 
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* N<‘‘u bo gia thiet AH - h khong doi raa thay vao do la do dai 
trung tuyen m a brig vbi canh B(' khong doi thi tap hop trong 
tarn G cua AABC so la doong gi? 

7 . Cho lam giac ABC co canh BC co dinh, Tim tap hop (T) trong 
tarn G cua \ABC trong cac trodng hop sau day: 

1. Tong cac khoang each tCf A den B va C bang mot do dai 2a 
khong doi (2a > BC). 

2. Gia tri tuyet doi cua hieu so cac khoang each tO A den B va C 
hang mot do dai 2a khong doi (2a < BC). 

Huang ddn 

Xem lai hinh hoc lop 10. 

Giai 


Bat BC = 2c. 

Goi O la trung diem cua canh BC. 

Chon O la lam diem goc cua he true toa do. 

True hoanh la true BC. 

Ta co: B(-c; 0), C(c; 0). 

1. Theo gia thiet ta c6: 

AB + AC = 2a (2a > 2c). 

Ta suy ra diem A chay tren elip (E) tam 0 co phoong trinh 


x“ y 2 

— -f —__ 

a 2 b 2 


1 


vdi b 2 = a 2 - c 2 , nhan B va C lam hai tieu diem. 

Ta lai co G la anh cua A trong phep vi to H(0; - ),(Xem bai 36). 

3 

Do db khi A chay tren elip (E) thi tap hop (T) cac diem G la 

ip (E’), anh cua elip (E) cho bbi phep vi to H(0; —). 

3 


Toa do ciia G: 


_^ ^x G ) + (3y 0 ) 


x c 


x, 


1 

3 

1 

y c 1 3 y A 

. 9xp 9y ( 2 

= 1 « -f + jf 


a* b L a 

Vay: Tap hop (T) la elip (E). 


1. 
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1 


9 9 

tarn 0, nh£n 0), C(~; 0) lam tieu di^m. , 

3 3 

2. Hoc sinh tif giai. 

38. Cho hai difcmg tr6n (a) va (p) dong tarn 0, ban kinh K va R’ (R’ < R 
A la m§t diim c6' dinh thu^c (P), M la m<)t dilm di d$ng tr§n (P). K 
day BC cua (a), BC vudng g6c vdi AM tai A va cat (p) tai D. 

1. Chufng minh ring chc tam giac MAD va MBC co trong tam co din! 

2. Tim tfip hop dinh thuf tif E cua hinh chuf nhat MABE. 

Hitang d&n 

Goi I la trung diem cua day AD. Suy ra dJOc dieu gi? 

Giai 


1. Vi AD 1 MA nen MD la difcmg kinh cua di/cmg tron (P). 

Trong tam giac MAD, AO la 
trung tuyen, A va O co dinh 
nen trong tam G cua AMAD c6' 
dinh (Hinh 66). 

Goi I la giao diem cua MG 
va AD. Suy ra I la trung 
diem cua AD. 

Ta c6: 011 AD => 01 JL BC. 

Trong difdng tr6n (a), 01 1 BC Hinh 66 

nen I la trung diem cua BC. 

Suy ra MI la trung tuyd'n tfng vdi canh BC cua AMBC. 

Do do G la trong tam cua AMBC. 

Vay: Cdc tam giac MAD va MBC c6 cung trong tam G c6 dinh 

2. Goi J la giao dilm cua CG va MB. 

Suy ra J la trung die;m cua MB. 

Do d6 J la tam cua hinh vuong MABE. 

Ta c6: GJ - -^GC. 

2 



Suy ra J la anh cua C trong phep vi tu - H(G; 


- —) tam G ti so k = 
2 


1 

2 
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Khi M di dong tren duvmg iron (\\) tam O ban kinh R’ thi C di dong 
tren dtfcrng (a) tam O ban kinh K, tap hop tic diem J la dtfdng 


iron (y), anh cua dii&ng iron (a) cho bai phep vj hi H(G; 



(y) co tam 0\ anh cua O trong phep vi nr H(G - - ). 


GO' - - 1 GO 
2 

GO' = — < 1 GA) = — GA 
2 2 4 

=> OO' = OG + GO OG + - OG - 3 OG 

2 2 


=> QO ; = 3 . 1 OA 1 OA 
2 3 2 


O’ la trung diem cua OA. 


Suy ra dodng tron (y) co ban kinh p = 


R 

2 ' 


Ta lai co: AE = 2AJ . 

Suy ra E la anh cua J trong phep vi to H(A; 2) tam A ti so k = 2. 
Do do tap hop cac diem E la dodng tron (cp), anh cua dodng 
tron (y) cho bdi phep vi to H(A; 2). 

Ta co: AO = 2AO ; . 

Chufng to O’ la anh cua O trong phep vi to H(A; 2). 

Suy ra <tp) co tam 0, ban kinh r = 2p = R. 

Ta suy ra (<p) trung vdi dodng tron (u). 

Yay: Tap hop cac diem E la dodng tron (a). 

39. Cho tam giac ABC noi tiep dodng Iron (O; R), trOc tam H; 3 
dodng cao AA’, BB’, CC’; 3 trung tuyen AM, BN, CP. 

(ip: a, p, y theo thu" to la trung diem cua cac doan th&ng HA, HB, HC 
Chdng minh rang 9 diem A’, B’, C', M, N, P, a, P, y cung nam 
tren mot docmg tron 

Hay xac dinh tam va ban kinh ciia dodng tron do. 

(jIQI 


Trong cac tam giac ABC va HBC, PN va Py la dodng trung binh, 
ta co: 
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PN// BC v4 PN = -BC 

2 

Py // BC v4 py = -BC 

2 

=> Py // PN v4 Py = PN 
=> PyNP 14 mOt hinh binh h4nh 
Trong AHAB, PP 14 difdng trung binh 
Suy ra: pB // HA => PP 1 BC => PP 1 Py 
Do dd pyNP 14 mot hinh chur nhfit Hinh 67a 

Goi to 14 giao dit?m cua hai difdng cheo pN v4 yP 
4 dilm p, y, N, P cung n&m trdn difdng trdn (to) nh$n pN vA yP 
14m difdng kinh. 

Chtfng minh tircmg tif, cac tuf giac 
yaPM, apMN deu 14 hinh chCir nh4t 
n0i tiep difdng tr6n (to) co cac 
difdng kinh 14 pN, yP v4 aM (Hinh 
67a v4 67b). 

Tam gi4c A’Ma vuong tai A’ nen A’ 
n4m trdn difdng tr6n difdng kinh 
ctM, tufc difdng trdn (to). 

Ttftmg to, ta c6: B’, C’ e (to). 

Do d6 9 diem d4 cho cung n&m 
tren difdng trdn (to). 



* Ta lai c6: 


Ha = ^HA 
2 

1 


Hp = — HB 
2 

1 



Hy = — HC 
2 


Hinh 68 


Didu n4y chufng to rkng c4c diem a, P, y cung n4m trdn m0t 
difdng tron 14 4nh cua difdng trdn (O) cho bdi phdp v?i tif 


H(H; -) t4m H, tl so vi tii k 
2 


1 

2 


Do do: (to) la anh cua (O) cho bdi H(H; —). 

2 


1 


Tam to 14 anh cua O trong phep vi tif H(H; -). 

2 
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lb, ! IK i 

2 

Suy ra co la trung diem cua HO Han kinh cua fro) la: 

o = - K. (1 linh OH i. 

2 

Vay: 9 diem A'. B‘, C\ M N, P, a, |i, y cung n&m tren dudng 
, R 

tron (to; — ) 

2 

Dudng tron (to) duoc goi la duong tron 9 diem hay difdng trdn 
Euler. 

40. Cho tam giac BAG trong tarn G noi tiep trong di/dng tron (O) tarn 0, 
ban kinh R, BC co dinh. A di dong, 1 la trung diem cua canh BC. 

1. Tim tap hap diem M, doi xdng cua t5 qua 1, khi A di dong. 

2. Dung hinh binh hanh CBGN Tim tap hap diem N khi A di dong 
Huang ddn: Tim tap hap eac diem G. 

(j lai 


Ta co BC co dinh nen 1 co dinh 
1. Cdch 1: Chung ta da biet 
G la anh cua diem A 

trong phep vi tii H(I: ~). 

d 

Do do khi A chav tren 
ducrng tron (O; R), A * B, 

C thi tap hop cac diem G 

la dirdng tron (O; ) 

ngoai trCr hai diem B’ va 

C’. Duong tron (O’; — ) la 

3 



Htnh 69 


anh ciia dudng tron (O; R) da cho trong phep vi tu H(I; —); cac 

3 


diem O’, B’, C’ theo thiif to la anh cua cac diem O, B, C trong 
phep vi tu do), luu y la O’ e 01. 

M 1^ diem doi xuTng cua diem G qua 1 nen tap hap cac diem M 


la dUang tron (0”; 


— ), anh cua doong iron (O’; — 
3 3 


) trong phep 
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doi xdng tam S(I), kh6ng ke hai diem B’ vk C’ (Hinh 69). 
* Cdch 2: 

Ta c6: IG = - IA; IM = ~IG «■ IM = - - IA. 

3 3 


Ta suy ra M la anh cua A trong phep vi to nghich (phdp vi tix 
am) H(I; 

3 


R 

Do dd ta c6 tap hop ckc diem M lk dodng trdn (0”; —), am cua 

3 

dodng tr6n (O; R) cho bdi phep vi to H(I: -- ) khong k^ hai 

3 


diem B’ vk C’. (Lula y rSng B’ va C’ theo thuf to la anh cua C va 
B trong ph4p vi to tren). 

2. Cdch 1: 

CBGN 1& mot hinh binh hanh nen ta c6: GN = BC. 

Ta suy ra N la anh cua G trong phep tinh ti£n T(BC). 


R 

Do d6 ta co tap hop c£c diem N la dodng tron (0”; —), anh cua 

3 


dodng tron (O’; — ) cho bdi phdp tinh tien T( BC), khong k! hai 

O 

di4'm B”, C” (B” va C” theo thO to lk knh cua B va C trong phep 
tinh tien T( BC)). . 

* Cdch 2: Theo ckch dong, ta cd CMBG lk mot hinh binh hanh 

=> BG = -CM. 


CBGN lk hinh binh hknh nen ta c6: BG = CN 
=> CN = -CM. 

Do d6 N lk anh cua di£m M trong ph6p d6'i xOng S(I) ==> dpcm.. 

41. Cho dodng trdn (O) tam O, bkn kfnh R, tik'p xuc vdi dodng tn&ng 
D tai diem C e D; AB lk dodng kinh cua (O), song song vh D. 
Goi (M) lk dodng trdn tkm M di ddng, tiep xuc vdi dodng kim AB 
d I vk tid'p xuc vdi nufa dodng trdn ACB tai J. 

1. Chiirng to IJ di qua mgt diem co dinh. 

2. Hay dong dodng trdn (M) khi biet mot trong hai diem I, J. 
Huang ddn 

Nhan xet rkng 3 diem J, M, O thkng hang vk MI 1 AB. 
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( "* • f • 

Jldl 


C’ 


1. Hai dadng tron (M> va (()) tiep xuc vdi nhau^tai «J nen 3 diem J, 
M, 0 thang hang (Hinh 70). 

Taco:AB//D 

MI i AB (V, sao?) > MI // OC 

OC .1. D 

Goi C’ la diem ddi tarn cua C 
trong dadng tron (0) ta co: A 

MI // OC. 

Hai dadng tron (M) va (O) tiep 
xuc trong vdi nhau tai J nen J 
la tarn vi ta thuan cua phep vi [) 

ta H(J; k) bien dadng iron (M) 
t.hanh dadng tron (O). 

OC' la anh cua MI trong phep vi ta tren, vi I e (M), C’ e (O) 
nen ta co J, I, C’ thang hang. 

Vay: IJ di qua diem co dinh C’. 

2. Gia suf ta da biet diem I. 


/y 

0 1 


. 1 D 


C 

Hinh 70 


C’l cat dadng tron (0) tai J. Noi JO. 

Dang dadng thang vuong goc vdi AB tai I, cSt JO tai M. Dadng 
trdn (M) tarn M ban kinh MJ la dadng iron phai dang. 

Hoc sinh ta chdng minh. 

* Trddng hop diem da biet la diem J 
Hoc sinh ta giai. 

4:2. Trong mSt phang (Oxy), cho A(-a; 0) va B(a; 0), a > 0. Goi M la 
mot diem di dong tren dadng trdn (O), dadng kinh AB; S la diem 
ddi xufng cua A qua M. 

1. Tim tdp hop diem S. 

2. Tim tap hop tarn P dadng trdn ngoai tiep ASAB. 

3. Tim tap hop trong tarn G cua ASAB. 

4. Tim tap hap trung diem I cua SB. 

Hudng d&ti 

1. S la diem doi xdng cua diem A qua M, ta suy ra daoc dieu gi? 

2. P la tarn dadng trdn ngoai tiep ASAB. TO do ta suy ra tap hap 
cac diem P. 


3. Chu y den tinh chat cua trong tarn trong tarn giac. 


59 



Giai 

1. S la diem doi xufng cua diem A qua M nen M la trung dilm cua 
doan AS. 

Suy ra: AS = 2AM . 

Nhu vdy S Id anh cua dilm M trong phep vi tu H(A; 2) tan A, 
ti so k = 2. 

Mat khac, ta c6: O ■ —— ■ > B. 



Do d6 khi M chay tren dubng trbn (O) tdm O, ban ki'nh R = a 
thi tdp hop cdc dilm S Id dubng tr6n (B; 2a), dnh cua di/cng 
trbn (O; a) cho bdi phdp vi tu H(A; 2). 

Nhdn xbt rdng dubng tron (B; 2a) di qua A. 

2. P Id tdm dirdng trbn ngoai tib'p ASAB nen P Id giao di^m tiia 
cdc dubng trung trifc cua ASAJ3. 

A(-a; 0) vd B(a; 0) doi xufng qua O nen trung true ciia AB ldi 
true tung. 

M e (O) » AMB = 90°. 

Suy ra BM Id trung true cua AS. 

P la giao diem cua BM vd true tung. 

Khi M tien tdi A tren dubng trbn (O; a) thi S tien tbi A ti§ru 
dubng trbn (B; 2a), P tien tbi diem O 

Khi M tien tbi B thi S tien tbi diem A’, doi xufng cua A qua B„ 
BM tien tbi vi tri tiep tuyen cua dubng trbn (O; a) nghla ldt 


song song vdi true tung. Lot do, diem P chay ra xa vo cUc tren 
true tung 


Do do tap hop cac diem P chmh la true tung, ngoai trU diem 
goc () cua he true to a do 


3. Ta co- BG = 2 BM 
3 

r i’a suy ra G la anh cua l\l trong phep vi to H(B; 


2 

3 


) tam B, ti 


so k = 


2 

3 


Do do khi M chay tren dodng tron (O; a) thi tap hop cac di4m 

2 

G la dodng tron (O; -a), anh cua dodng tron (O; a) cho bdi 

3 

2 

phep vi to H(B; ) ved O’ ia anh cua G trong pnep vi to tren 

3 

4. I la trung diem cua SB Ta co: BI -BS (Hinh 71). 

2 

I la anh cua S trong phep vi to H(B; —). 

2 


Khi M chay tren dodng tron (O; a) thi S chay tren dodng tron 
(B; 2a). Do do tap hop cac diem I la dodng tron (B; a), anh cua 

dodng tron (B; 2a) cho bdi phep vi to H(B; —). 

2 

* Cdch khac: Ta cung co: AI = | AG 

3 

I la anh cua G trong phep vi to H(A; ). 


Suy ra t|p hop cac diem I. 

43. Cho hai dodng tron (O; R) va (O'; R’) ciU nhau tai A vd B, O’ ndm 
ngoai (O). 

Hay dong m6t cat tuyen di qua A cat (O) tai M va (O’) tai N sao 

cho AN = —AM. 

2 


Gia so ta da dong doqc mot cat tuyen A di qua A va c&t hai dodng 
tron (O; R), (O’; R’) theo thd to tai M va N sao cho: 

AN = 1 AM => AN = - - AM . 

2 2 
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Ta suy ra N la anh cua 
diem M trong phep vi tu 

H(A; - —) tam A, ti so vi 
2 


tu k = - 


1 



N 


Do do N la giao diem cua difdng 
tron (O’; R’) va duUng tr6n 
(O”; R”). anh cua dudng tr6n (O; 

R) cho boi phep vi tu H(A; - —), 

2 

vdi O” la anh cua O trong ph£p 

vi tu H(A; - ^). 

2 

AO' - - — AO va R” = -R 
2 2 

Nhan xet rang ducrng tr6n (O”) di qua A. 

Dieu ki$n: O’O” < - + R’. 

2 

44. Cho hinh binh hanh ABCD, tam gidc ABD n0i tia'p trong dudng 
tron (O) tam 0 ban kinh R, A c6 dinh, B va D di d0ng sao cho 
BD = 2a, a la m0t d6 dki da bi§'t. 

1. Chufng minh r&ng true tam H cua ABCD co dinh. 

2. Tim tap hup true tam H’ cua AABD. 

3. Tim tap hup dinh C cua hinh binh hanh ABCD. 

Giai 


1. Goi I la tam cua hinh binh 
hanh ABCD. Cdc tam giac 
BCD va DAB ddi xUng qua I. 

Do do H va H’ doi xUng nhau 
qua I 

=> BH = DH’ va BH // DH’ 

=> BH = 2KO , K la trung diem 
AB suy ra H la diem doi tam 
cua A trong dudng tron (O; R). 
Vay: H co dinh. 



Hinh 73 
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2 Ta co: 

• OI i BD 

> OI = Jm r IB = vK a 

Suy ra I n&m tren dodng iron (a) tarn O, ban kinh p = VR 2 - a 2 , 

• HH’ - 2HI. 

Suy ra H’ la anh cua 1 trong phep vi tu 1 If H; 2) tam H ti so vi to k = 2. 
Do do tap hop cac diem H’ la dodng tron (p), anh cua dodng 
tron (a) cho bdi phep vi to H(H; 2t. 

Ta lai co: HA = 2HO. 

Ta suy ra ((3) la du'dng tron tam A ban kinh r = 2p = 2 vR 2 - a 2 . 
3. Ta co H va H’, C va A doi xurng qua I. 

Suy ra: H'C - AH (Hinh 73) 

C la anh cua H’ trong phep tinh tien T( AH). 

Do do khi H’ vach dudng tron ((!), tam A, ban kinh 
r = 2 vR 2 - a" ; C vach dudng tron (y) tam H ban kinh r, anh cua 
(P) cho bdi phep tinh tien T( AH ). 

Vaiy: Tap hop cac diem C la dodng tron (y) tam H, ban kinh 
r = 2 VR 2 ^ 7 . 

Dieu kien: a < R. 

45. Cho tam giac deu ABC nor tiep dodng tron (0; R). 

M Id mot diem di dong tren cung BC, I la trung diem cua day AM 
Tim tap hop (E) cac diem I 

f i * * • 

rial 

Goi O’ la trung diem cua ban kinh AO (Hinh 74). 

Ta co: Ai = -AM 
2 

AO' = - AO 
2 

O'l = -OM. 

2 

I la anh cua M trong phep vi to 

H(A; —). Do do khi M chay tren 
2 


A 
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cung BC co so do 120° thi tap hop (E) cac diem I la anh cua 

cung BC cho bdi phep vi tif H(A; —), la cung B’C’ c6 so do 120°. 

2 

nSm tren difdng tron (O’; —) vdi B’, C’, O’ theo thuf tif ia trung 

2 


diem cua AB, AC, AO. 

* 46 . Trong mat phang (Oxy), cho hai diem A(—1; 1) va B(—J; -1); 
(O) la difdng tr6n tarn O di qua A va B 

Cho M la mbt dib’m di dong tren difdng tr6n (O), khoag trung 
vdi A,B, difqc xac dinh bdi: 

(Ox; OM ) = a + k2n, k e Z. 

MA va MB cat Ox theo thuf tu tai P va Q. Gia suf ta c6: 


MP = kMA. 


1. Viet phuong trinh cua di/dng tron (O) 

2. Chufng minh rang 


k = 




cos a 


1+72 cos a 

3. Chufng to rkng diidng trbn (C) ngoai tiep AMPQ tiep xic vdi 
ducmg tron (0) tai M. 

4. So sdnh hai vecto OC va OM, C la tarn cua difdng trbn (C). 


Giai 

1. Difdng trbn (O) tam O di 
qua hai dit?m A(-l; 1) va 
B(—1; -1) nen (O) cb ban 
kinh R = 72 . 

Ta suy ra phifong trinh cua 
difdng trbn (O) la.* 

x 2 + y 2 = 2. 

2. Toa dO cua diem M (OM = \ 

x = 72 cos a 
y = 72 sin a 
Theo gia thiet, ta co: 


MP = kMA 

=> x P - x M = k(x A 



X M > 


64 



sk = X M = ^ 2c0SU 
x M - x A J'2 cos a • 1 

... , v ; 2cosa 

Vay: k = 7 -- 

y'2 cos u * 1 

3 Ta co: PQ // AB 

Suy ra: MP = kMA 

MQ-kMB 

Do do: PQ la anh cua AB trong phep vi td H(M, k) tam M ti so 
vi td k (Hinh 75). 

Phep vi td H(M; k) bien dddng trdn (O) thanh di/dng tron (C) 
ma tam vi tp M ia diem chung cua hai dircfng tron (O) va (C) 
nen (O) va (C) tiep xuc nhau tai M. 

Vfiv: (C) tiep xuc vdi (O' tai M. 

4. (C) la anh cua (O) trong phep vi tu H(M; k) nen tam C cua (C) 
la anh cua O trong phep vi tp do. 

Ta co: MC = kMO 

c> OC - OM kMO 

<-> OC = OM - kMO 

c=> OC = (1 - k)OM 

Vay: OC = (l-k)OM. 

*47. Trong mat phang (Oxy), cho dPong tron (C) tam I ban kinh R 
tiep xuc vdi Oy tai 0, AB la mot ddang kinh cua (C), song song 
vdi Oy, (x A > 0); (a) la dudng tron tam J ldu dong tiep xuc vdi 
AB a diem E vk tiep xuc vdi nda dudng Iron AOB tai F. 

1. Chufng to FE lufin di qua mot diem co dinh. 

2 Tim tap hop (P) cac diem J. Co nhan xet gi? 

3 Viet phufong trinh cua (C) va cua ((1). 

Giai 

1 Hai difdng trdn (a) va (C) tiep xuc trong vdi nhau tai diem F nen 
F la tam cua phep vi td thuan (phep vi tu ddang) bien dufdng trdn 
(C) tam I(R; 0) ban kinh R thanh dddng trdn (a) tam J. 

Suy ra: F, I, J thang hang. 
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Cbc vecto bbn kinh IK vb JE 
cung hiking, K la giao diem cua 
(C) vb Ox, k * O, nen la hai 
vecto doi ufng trong phep vi tu 
trbn. 

Suy ra: F, E, K thbng hang 
Vby: FE luon luon di qua 
diem co dinh K. 

2. Ta c6: JE // Ox => JE 1 Oy tai H 

• JH = EH - EJ = R - FJ = JI 
Suy ra J nbm tren parabol c6 
tieu diem I, di/dng chuln la true 
tung Oy. 

Gibi han: J nbm trong nufa diking tron (AOB) gibi han b&i hai 
dilm A va B. 

Vby: Tap hop (P) cbc diem J lb cung parabol ASB, dinh S lb 
trung diem cua 01. 

3. Diking trdn (C) co tam I(R; 0) bbn kinh R nen phuong tnnli cua 
(C) lb: 

(x - R) 2 + y 2 = R 2 o x 2 + y 2 - 2Rx = 0. 

• Goi (x; y) lb toa d| cua J. 

Ta c6: JI = JH => JI 2 = JH 2 

<=> (R - x) 2 + y 2 = x 2 => y 2 = 2Rx - R 2 

vbi x > ^, ly| s R. 

Vby: Phifcmg trinh cua (P) lb: y 2 = 2Rx - R 2 . 

*48. Trong mbt phbng (Oxy), lb'y hai dilm A(-a; 0) vb B(a; 0) vdi a > 0. 

M lb m6t dilm di d$ng tren diking trbn (0; a); A’ lb cLlim dbi 
xufng cua A qua M. 

1. Tim tbp hop (a) ebe diem A’ bbng hai ebeh. 

+ Hinh hoc li thuylt. 

+ Hinh hoc giai thich. 

2. Tim tbp hop (P) cua trong tam G cua tam gibe ABA bbng hai icbch. 

3. Goi I 1a trung dilm cua A’B. Tim tbp hop (y) ebe dilm I fcbng hai 
ebeh. 


y 
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r -l . •/ . 

iiai 

1. A’ Id diem doi xUng eua A qua M non ta co: 

AA 2 AM • 

NhU vay: A’ la anh cua M cho bdi phep vi tu H(A; 2) tam A ti so 
vi tU k = 2. 

Ta suy ra tap hop (ex) cac diem 
A’ Id anh cua dudng tron (O; a) 
cho boi phep vi tu H(A; 2). 

Ta lai co: AB = 2AO 

nen dudng tron (a) co tam 
la diem B ban kinh K = 2a, 
tiep xuc vdi (O) tai B. 

+ Ta co: AA' - 2AM ^_^ (a) 

jx A -x A = 2(x m - x,) 

} 0/ v Hinh 77 

ly A - -y A = 2 (y M - y A ) 

Ta co: A(-a; 0), Mix; y), A’(x’; y’) 



x a 


fx' + a = 2(x + a) 

{ => 
}y' - 0 = 2(y - 0) 


jy = j 


Ta co phucfng trinh dudng tron (O): 


x 2 + y 2 = a 2 

fiLziT + [TY 


cx> (x’ - a) 2 + y’ 2 = 4a 2 (*) 

(*) Id dudng tron tain Bia; 0) co ban kinh R = 2a (Hinh 77). 
2. Cach 1. 

Ta cd: OG - -OA\ 

3 

Suy ra G Id anh cua A’ trong phep vi tu H(0; -) tam O ti so k = 

3 


Ke G,G // BA’. Ta co: OG, = - OB 

3 
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a 


Do do tap hop (P) cac diem G la dudng trdn tarn Gi(- ; 0) ban 

3 

2 1 

kinh R’ = ~a, anh cua difdng tron (a) cho bdi phep vi tu H(0; -). 

3 3 


* Cdch 2: 

Ta c6: BG = — BM. 
3 


Suy ra G la dnh cua M trong phep vi tu H’(B; — 

3 

Do d6 t|ip hcrp ((3) cdc diem G Id anh cua dudng tron (O; a) cho 

2 2 

bdi phep vi tu H’(B; —), Id dudng trdn (Gi; —a). 

3 3 


3 * Cdch 1: 


I la trung diem cua BA’ nen ta co: BI = ^ BA'. 

Suy ra tap hop (y) cac diem I la anh cua dudng trdn (a) c.io bdi 

phdp vi tu H”(B; —), la dudng trdn c6 tarn B(a; 0) bdn kinh R’ = a. 

2 


* Cdch 2: 

Tacd: MI = - AB = OB. 

2 

Ta suy ra I Id anh cua M trong phdp tinh tid'n T( OB ). 

Do do tdp hop (y) cac dilm I la anh cua dudng trdn O’; a) cho 
bdi phdp tinh tien T( OB), tdm B, bdn kinh R = a. 
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Chutfng IV. PHEP QUAY 


kiiIn thi'/c cAn NH(J 

I. Dinh right a 

Trong m$t phAng, cho mot diem co dinh O va mot diem M, 
mot goc dinh hitorig khong doi cho trudc. 

Diem M’ difpc got la anh cua diem M 
trong phep quay R(0; a) tam 0, goc 
quay u khi 

r 0M - OM' 

(OM.OM’i - ex 

OM = OM' 

[': i 

(OM,OM') 


a la 



Ta co: M ^ 


Hinh 78c 


a 


• Nguqc lai: M la anh cua M’ cho 
bdi phep quay RtO: -a) 

M’ dtiL-, M 

• R(0; -a) = -R(0; a) 

• Chu y rftng vdi goc a khong 
dinh hiidng thi phbp quay tam 
O, goc quay a se bien diem M 
thanh hai diem M’ va M”. 


Phep quay R(0; ±180°) la mot phep doi xufng S(O). 

0 

M -*—-A-• M' 


M’ 



M 


* Anh cua mot hinh. 

Khi diem M ve mot hinh (F) thi anh M’ cua M cho bdi phep 
quay R(0; a) se ve mot hinh (F’) goi la anh (hay bien hinh) cua 
hinh (F) cho bdi phep quay R(0; a). 

Do do: Anh (bien hinh) cua mot hinh (F) cho bdi phep quay 
R(0; a) la mot hinh <F') gbm tat ca cac diem anh cua tat ca cac 
diem cua hinh < F> cho hoi phep quay R(0; a). 

(F’)=1M‘ M M r (F)|. 
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2. Ttnh chat 


Phdp quay la m6t phdp dfifi hinh, bid'n hinh (F) thanh hinh (F) 


bang hinh (F). 

3. Dinh li: 

a) Anh cua doan AB la A’B’ = AB 

b) Goc cua hai vecto doi 
tfng bang goc quay 

a ,jyesi* a’ 


B’ 


B 


RlO;a) 


> B’ 


AB 


R(Oa ) 


A'B' 


=>(AB;A'B') = a 
c) Goi I la giao diem cua AB vd A’B” 
Cac tuf gidc OIAA’, OIBB’ n§i tiep 



B 


4. Xdc dinh phdp quay R(0; a) bien AB thanh A'B', AB vd A'B' 
la hai vecto c6 cung chieu dai cho trUdc (Hinh 79). 


• Goc quay a = (AB, A'B') 
OA = OA' 

• Ta c6: 


OB = OB' 


(OB; OB') = a + k2n 


(OA;OA') = a + k2rc 

vdi k e Z 

TAm quay 0 duoc xdc dinh nhu sau: 

+ O la giao di£m cua cdc trung true cua ede doan thdng AA’, BB’. 

+ O Id giao diem thuf hai cua hai dudng tron IAA’ vd IBB’, I la 
giao di£m cua AB vd A’B’. 

+ O la giao diem cua trung trite cua doan AA’ vd dudng tron IBB’. 

5. Tich cua hai phep quay 

a) Tich hai phep quay ddng tdm 
R(0; a).R(0; a’) = ? 

OM = OM' 

(OM;OM ; ) = a 
[OM' = OM" 


Ta c6: M M’ 


M’ 


M' 


(OM';OM”) = a 
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SOM - OM" 

Suv ra: •! . M ’ M”. 

}(OM;OM") </•</ 

Do do: Tich cua hai phep quav dong tain la mot phep quay 
dong tam mid goc quay bang tong cat goo quay 
R(0; a).R(0; a') = RfO; a + a'!. 

Neu a + a’= 0 thi tich cua hai phep quay la mot phep dong 
nhat. 

b, Tich ciia hai phep quay khac tam (Hinh 80a, b) 

R(0; a).R(0’; a’) = ? 

AB - A IV 
AB; A B') = a 
AB' = A’R" 


Ta co: AB A'B' 


HiO'.u'i 


■* A B' 


Suy ra: 


A'B' 

AB - A'B” 

(AB; A'B") - cc " a' 


A'B'; A'B") = a 
Klu ^ ■ y 




c Di$m kep cua tich hai phep quay 

Gia suf I la diem kep trong tich cua hai phep quay 
R(0; a).R(0’; a’). 

J * R (Q ,u > ^ j 

Goi J la anh cua I cho boi phep quay R<0; a) thi I 1& anh cua 
J cho bcri phep quay R(0’. a’). 

J KlO.q » ^ j K<0 M ) ^ j 

O va O’ deu n&m tren trung trite cua IJ (Hinh 80). 
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Cho OO’ quay quanh O m^t Hinh 81 

g6c - —, OO’ den trung vdi tia 
2 

Ox, cho O’O quay quanh O’ 
mOt g6c —, O’O den trung vdi 

tia O’y; Ox v& O’y giao nhau 
tai I. Do lh diem kep trong 
ti'ch cua hai phep quay. 

- Neu a + a’ * k2n, k e Z 

R(0; a).R(0’; a”) = R(I, a + a’) Hinh 82 

- N§'u a + a’ = k2it => Ox, O’y song song 

Tich cua hai phep quay la mOt phdp tinh tien (Hinh 82 
6. Tich cua mdt phep quay va mdt phep tinh tien 
R(0; a).T( V) = ? 

- Phdp quay R(0; a) bi£'n AB th&nh A'B': 

AB = A'B' 

(AB;A^)= a [2n) 

- Ph4p tinh tien T( V ) bi*n A’B' th&nh A 7 'B' : = AB 



AB = A’B' 

Ta suy ra: ___ 

[(AB.A'B*) = a [2n] 

Dieu nay chcfng to: Tich cua mpt ph4p quay va m^t pbdo tinh 
tien la mpt phep quay. 

• Tich cua mot phep tinh tien va mot phep quay thi sto? (ac em 
hoc sinh thuf nghien cufu xem? 
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LUYENTflP 


4?. Chufng minh r&ng phep quay R(0; 0) co the xem Ih ti'ch so cua hai 
phep doi xufng true 

Huang dan 

Gpi M’ la anh cua diem M eho bdi phep quay R(0; 0). 

Ke tia phan giac Oz cua goc MOM’ va cac tia phan giac Ox, Oy 
cua cac goc MOz, zOM . 

Gpi Mi la anh cua M trong phep doi xOfng true Ox roi chung minh 
M’ la anh cua diem Mi cho bdi phep doi xufng true Oy. 

Giai 

Gpi M’ la anh cua diem M trong phep quay R(0; 0) 



Mi e Oz 

Suy ra M’ la anh cua Mi trong phep doi xufng S(Oy). 

Do do phep quay R(0, 01 la ti'ch cua hai phep doi xRng true 
S(Ox) v£ S(Oy). 

5C. Tren dirdng trbn (O; R) lay hai diem A va B. Hay tim tren cung 
AB mfit diem C sao cho CA + CB co do dai khong d6i a. 

Giai 

Gia sd ta da tim dupe tren cung AB mot diem C sao cho 

CA + CB = a 
a la mot do dai khong doi cho truuc. 

Phep quay R(C; 180° - ui vdi (CA;CB > = a + k360 n , (k e Z) bien 
diem B thanh diem B’ nSm tren tia doi cua tia CA (Hinh 84). 
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CB’ = CB => AB’ = a; (B'A;B'B) = - + m360°. 

2 

Do do B’ 1A giao di&m cua dudng 
tr6n (A; a) vA cung chufa g6c dinh 

CX ' 

hifdng —. Dodng thAng AB’ cat 
2 


cung AB tai diem thuf hai C, C la 
dilm phAi dang. 

PhAp d6'i xufng S(A) ( true d&'i xufng 
A la trung trdc cua dAy AB, biA'n 
diem C thanh diem C’ thoa di bai. 

VAy. Bai to6n c6 hai nghi$m hinh nAu 
AB 


a < 2R’ = 


sin 


a 


vdi R’ la bin kinb 



dtfdng tron ngoai tiep AABB’. 

51. Tren diidng tr6n (O), lay mpt diem c6' dinh A va mot diem di d&ng B 
Dang tarn gidc diu ABC. Tim tap hap cac diem C. 

Giai 

Gia sur (AB; AC) > 0 => (AB; AC) = 60° + k.360°, k e Z. 

Suy ra C la Anh cua B trong phep quay R(A; 60°) tarn A, c6 g6c 
quay 0 = 60°. 

Do d6 khi diim M chay trAn dudng 
tr6n (O), ta c6 tap hqp cAc diim C la 
difdng tr6n (O’), anh cua dadng trdn 
(0) cho bdi phAp quay trAn (Hinh 85) 

NA'u (AB; AC) = -60° + k.360°, (k e Z) 
thi tap hop cAc diA’m C la dadng trdn 
(O”) cho bdi phAp quay R(A; -60°). 

52. Cho tarn giac deu ABC tAm O. 

Hay tim anh cua AABC trong phAp quay R(0; 120°) tAm O, g6c 
quay 120°. 

Giai 

GiA suf ta c6: (AB; AC) = 60° 



Hinh 85 


=> (OA;OB) = (OB;OC) = (OC;OA) = 120°. 
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I)o do ta co: Phep quay R(0; 120") 
bien aABC thanh \BCA 

Neu (Mi; AC) = -60" thi \ABC 
se bien thanh ACAB (Hinh 86). 


A 



53. Mot tam giac deu co dinh A co dinh, dinh B chav tren mot hinh (F) 
Tim tap hop cac dinh C kin: 

1. (F) la mot dudng thang A khong di qua A 

2. (F) la mot ducrng tron (O; P.) khong di qua A 

(jiai 


Xem tam giac deu ABC canh a. 

Gia suf (AB; AC) = 60° + k,180°, k e Z. 

Suy ra C la anh cua B trong phep quay R(A; 60°). 


1. Do do khi B chay tren mot 
ditcmg thang A khong di qua A 
thi tap hap cdc diem C la 
dufcrng thang A ! khong di qua A. 
Cach dung A’: 

Ke AH 1 A tai H 

Dung H’ la anh cua H trong 

phep quay R(A; 60") 

Dung dudng thang a’ J AH’ tai 



2 . 


H’ hoac noi HC’; A’ la anh cua A 
cho bdi phep quay tren (Hinh 87) 

A’ 14 tap hap cdc diem C phai tim 

Khi B chay tren dudng tron 
(Q; R) thi tap hqp cac diem C la 
duang tron (O’; R) vdi O’ la anh 
cua O trong phep quay R(A; 60°) 
(Hinh 88). 


A 
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54. Cho hai dudng th&ng (D) va (D’) giao nhau. 

1. Hay xac dinh tfip hop (T) c&c tdm quay trong phep quay R bien 

dudng tiling (D) thiknh dudng thfing D’. » 

2. Cho A e (D) vik A’ e (D’). HSy xAc 
thiknh did’m A’. 

Giai 

1. Goi C la tfim quay, I 14 giao 
diem cua D v4 D’. 

Dung CHlDvii CH’ 1 D\ 

=> H’ 14 anh cua H trong phdp 
quay R(C; 0) vdi 0 la m^t trong 
c4c g6c hop bdi D va D’ 

=> (D; IC) = (IC; D’) + k.l30°, k e Z 
Suy ra C ndm tren mot dudng 
phan giAc cua goc hop bdi hai 
dudng thAng D, D’. 

Dao lai: Hoc sinh tu chutag minh. 

2. Goi C vA C’ 14 hai tarn quay bi£n D thAnh D’, vdi C e x’lx vA 
C’ e y’ly, x’lx va y’ly la cac phAn giac cua cAc goc hop bdi D va D’. 
A’ la anh cua A trong cac phdp quay tren, A e D vA A’ e D’. 

Suy ra: C vA C’ n&m tren dudng tr6n (a) ngoai ti&'p AlAA’ (Hinh 89) 
Do dd C va C’ 14 giao di£m thur hai cua x’lx va y’ly vdi dudng 
trdn (a) hay C vA C’ 14 giao diem cua x’lx va y’ly vdi trung true 
A cua doan AA’. 

55. Cho hai dudng tr6n (O; R) vA (O’; R’); A la m0t diem thu0c (O) vA 
A’ la m$t di£m thupc (O’). 

1. XAc dinh tAp hop cAc tarn quay to bi£n dudng trdn (O) thAnh 
dudng trdn (O’). 

2. Xac dinh tarn to’ bitin diem A thAnh dit?m A’. 

Huong ddn: Xem bai 54. 

Hoc sinh tu giai. 

56. Cho tam giac ABC noi tiep dudng trdn (0; R), A va B co dinh, C 
di dqng tren cung ldn AB. Tren dudng thAng AC, lA'y doan 
AE = BC va AE cung hudng vdi AC . 

Tim tap hop (E) cac diem D. 


dinh tam quay bid'n diSm A 


x 
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Huang dan 

Dung hinh b'tnh hanh ABCI) Co nhan xdt gi ve AD va AP3? 

f/iai 

Dung hinh binh hanh ARC!) 

Ta co: CD = BA => C 
Ta suy ra: Khi C chav tren cung ion 
AB thi D chay tren cung A’B’, anh 
cua cung AB cho bdi phep tinh tien 
T( BA ). (Hinh 90). 

Ta lai co: 

• ACB = 0 khong doi 
w (AD; AE) = 0 + kl80 li (k e Z). 

• AE = AD (cung bdng BC). 

NhU vay: E la anh cua D crong phep 
quay R(A; cp) vori q> — 0 hoSc 41 = - 0 . 

Do do khi D chay tren cung ldn A’B’ cua diiang tron (O’; R) vai O’ 
1^ anh cua O trong phep T< BA > thi tap hop (E) cac diem E la 
cung ldn A”B”, anh cua cung ldn A’B’ cho bdi phep quay R(A; (p); 
cung A”B” nSm tren dudng tron (0”; R), anh cua di/dng tron 
(O’; R) trong phep quay tren. 

Nh|n xet rfing B’s B” s A. 

.57. Hay ddng mQt hinh vuong co 4 dinh nam tren 4 canh cua mdt 
hinh binh h&nh. 

Hudng ddn 

Xem hinh vuong ABCD tam O. 

Gia siif ta ddng duoc hinh vuong MNPQ co 4 dinh nSm tren 
cdc canh cua hinh binh hanh da cho: M e (AB). N e (BC), 
P e (CD). Q e (DA). 

Hay chdng minh O la tain cua hinh vuong MNPQ phai dung. 

Giai 

Cho hinh vuong ABCD lam O. 

Gia suf ta da dung dupe hinh vuong MNPQ co ede dinh M, N, P, Q 
ndm tren ede canh cua hinh binh hanh ABCD da cho (Hinh 91). 

M e (AB); N e (BC); P e (CD); Q e (DA). 
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Ta c6: AAMQ = ACPN (Vi sao?) A MB 

=> aAOQ = ACON 
==> AOQ = CON 

=> Q, O, N thing Mng. Q 

Tuang tu, ta c6: P, O, N H 

thing hang. 

Do d6 O la tam cua hinh vu6ng MNPQ D 
Ta co: OP = OQ Hinh 91 

(OQ; OP) = 90° + k.360°, k e Z. 

Suy ra P la anh cua Q trong phep quay R(0; 90°) tam O, g6c 
quay 0 = 90°. 

NhU vdy P la giao diem cua CD va anh cua AD cho bci phdp 
quay R(0: 90°). 

• Dung diem P. 

Ke OH 1 AD tai H. 

Dung H’ la anh cua H trong phdp quay R(0; 90°). 

Ke dudng thing d 1 OH’ tai H\ d cat CD tai P. 

• PO cit AB tai M, ... 

Ta dung ducrc hinh vuong MNPQ. 

58. Cho hai dudng thing co dinh D, A va m§t diim c 6 djnh A. Hay 
dung doan thing BC sao cho B e D, C e A va tam giac A8C can 
tai A c6 g6c d dinh A = a 0 . 

Htfdng d&n 

Dung AH 1 D tai H. Tim anh H’ cua dilm H trong phdp quay 
R(A; a 0 ) theo mQt chieu quay nko do (theo chieu quay ducmg 
ching han). Luc dd dudng thing D c6 inh la dudng thing D’ cho 
bdi phdp quay R(A; a 0 ). 

C6 nhdn x6t gi? Suy ra each dung. 

Giai 

Gia suf ta da dung duefe tam gidc ABC edn tai A, co A = a 0 va 
B e D, C e A. 

Ta suy ra C la inh cua B trong phdp quay R(A; a 0 ) tam A g6c 
quay a 0 theo chieu quay ducrng. 

Dung AH 1 D tai H. 
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C-oi H’ la anh cua 11 oho boi phep quay do 
Fling diicrng thing D 
vjong goc vdi AH' tai 11' 

(hoac D’ tiep xuc vdi diiOng 
tron (A; AH) tai IF). 

T’ la anh cua D cho ben phep 
qjay R(A; u°). 

r’ cat a a c. 

Coi B la anh cua C cho boi 
paep quay R(A; -a"), diiOng Hitih 92 C’ 

nhien B e D 

,V\BC can tai A, BAG = a u vdi B e D va C e A, la tam giac din 
ding (Hinh 92). 

Hen ludn: 

• Be D’ cat A thi goc cua \va D phai khac a 0 

• Goi H” la anh cua H cho bdi phep quay R(A; -a 0 ), diicrng thing 
D bien thanh ddong thdng D” i AH” tai H”, D” cat A tai C\ Ta 
diing diioc tam giac A’B’C’ can tai A, co A = a 0 vdfi B’ e D va 
C’ e A. Bai toan co hai nghiem hinh 

Can nhd ring goc cua D hop vdi D’ va D” bang nhau va bang a u . 

• Neu mot trong hai durong thing qua A, D ching han, thi sao? 
Luc d6, anh cua A trong phep quay R(A; a 0 ) ho$c R(A; -a 0 ) 
chinh la A. 

Qua A, diing doting thing D’ (hoac D”) hop vdi D gdc a 0 , D’ 
(hoac D”) cat A tai C (hoac C”): Bai toan co hai nghidm hinh. 

*59. Cho dii'm A vk hai dating thing Di, D 2 giao nhau, khong di qua A. 
Hay diing mOt tam giac deu ABC vdi B e D] vk C e D 2 . 



Giai 

• Gia sOf ta da diing dope tam 
giac diu ABC vdi dinh A cho 
trirdc vi B e Dj, C e D 2 . 

Co the gia suf them ring ( AB; AC ) > 0 

= ( AB; AC) = 60°. 

NThcf vay C la anh cua B 
trong phdp quay R(A; 60°). 
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tfim A, g6c quay 0 = 60°. 

Goi D’i la anh cua D] cho bdi phdp quay R(A; 60°) 

D\ di qua C. 

Do dd C 16 giao die>m cua D 2 v6 D’ t (Hlnh 93) 

• Cach dung: 

Dung AH 1 D] tai H. 

Dung H’, anh cua H cho bdi phdp quay R(A; 60°). 

Dung D’i ± AH tai H’; D’i 16 anh cua Di trong phdp quaj tren. 
Budng thing D’i cit dudng thing D 2 tai C. 

Phep quay R(A; -60°) bi§'n diem C th6nh diem B di nhien B = Di. 
Tam gidc ABC 16 tarn gi6c d4u phai dung. 

• Ckitng minh 

Ta c6: C B 

AB = AC 

<=> __ __ , o aABC deu. 

(AC; AB) = -60° 

• Bi&n ludn 

+ Nd'u D’i v6 D 2 giao nhau: Vdi hai phep quay R(A; 60°), R(A;-60°), 
ta dung dupe hai tarn gi6c dlu ABC: B6i to6n c6 hai rghiim 
hinh. 

+ Ni'u Dj v6 D 2 hup vdi nhau m^t g6c 60° v6 diem A cho trudc 
nim tren dudng ph6n gi6c t’At cua g6c tu. 

Anh cua Di cho bdi phdp quay R(A; 60°) hoSc R(A; -60 1 ) 16 D’i sd 
trung vdi D 2 : C6 v6 so diem C. B6i to6n cd v6 so nghi?m hhh. 

+ Nd'u Di v6 D 2 hop vdi nhau gdc 60° v6 diem A nim ngo6i 
dudng ph6n gi6c t’At. 

Ta cd: D’i // D 2 o £ C. 

B6i to6n khdng c6 nghifm hinh. 

*60. H6y dung m^t tarn gi6c ddu ABC cd 3 dlnh nim trdn 3 iudng 
thing song song (DO. (D 2 ), (D 3 ). 

Hudng ddn 

L6'y A e D 3 . (Xem bai 59). 

*61. H&y dung m$t tarn gi6c ddu ABC cd 3 dinh nim trdn 3 <udng 
trdn dong tarn (a), ((3), (y). 

Giai 

• Gia sir ta da dung duuc tarn gi6c deu ABC thoa yeu ciu cus bai toan. 
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Co thA gia sijf them rang: A <u), 1? < <|D. (’ c (y) va ( AB; AC ) = 60' 
Suv ra C la anh cua B trong phep quay Hi A, 60°) tam A, goc quay 60°. 
Phep quay R(A; 60" > hion duong trim (|0 tarn O, ban kinh R 2 
thanh duong tron ((V), tam O', ban kinh R 2 vdti O’ la anh''cua O 
trong phep quay tron, O’ > 



Hinh 94 

Do do C la giao diem cua duong tron (y) tam O, ban kinh R 3 vdi 
duong tron (P’h 

• Cdch di/ng: Lay diem A tuy y n&m tren ducmg tron (a) tam O, 
ban kinh Ri (Gia sir R t > R 2 > R 3 ). 

Dung diem O’, anh cua 0 trong phep quay R(A; 60°). 

Dung ducmg tron ([Vi tam O’, ban kinh Rg ((V) chinh 1^1 anh 
cua (pi cho bdri phep quay R(A; 60°). 

Suy ra C € (P’). 

Do do C la giao diem cua ducmg tron (y) va ducmg trdn (P’). 
Dung diem B, anh cua C trong ph6p quay R(A; -60°), B e (p). 
Tam giac ABC la tam giac deu phai dung. 

• Chtfng minh: Hoc sinh tu chiing minh. 

• Bien luan: 

+ Neu Hi < R 2 + R 3 : (p’i va (y) co hai diem chung Ci vh C 2 ; bai 
toan co hai nghiem hinh tifng vdri moi vi tri cua A e (a). 

+ Neu R] > R 2 + R 3 : 

Khong co nghiem hinh. 

+ Neu R] = R 2 + R 3 : (fV) va (y) tiep xuc ngoai a C: Bai to&n co 
mot nghiem hinh. 
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* 62. Cho hai dtfcrng thang x’Px va y’Py. Lay A, M e x’x va B, N e y’y 
vdri A, B c6 dinh va M, N di ddng, P n£m giufa A M. B n5m 
giufa P va N sao cho: AM = BN. 

1. Chufng minh rang hai vector AM va BN doi ufng nhau trong mot 
phep quay R(C; 0) c6 goc quay 0 khong doi va tarn quay C c6 dinh. 

2. Chufng to duftng trdn (a) ngoai tidp APMN luon luon di qua hai 
diem co dinh. 

3. Tim t§p hop c&c trung dilm J cua doan MN. 

4. Cho A va B di dOng. Tim t$p hop (E) c£c tarn quay C cua ph£p 
quay R(C; 0) o tren. 

Giai 


1. Bat (x'Px;y'Py) = 0 + k.360°, k e Z. 


Ta co: 


AM - BN 

(AM; BN) = 0 + k360°, k e Z 



Do d6 BN Id anh cua AM trong phep quay R(C; 0) tarn C, goc 
quay 0, vOi C la giao diem cua dtfcrng tron (p) ngoai tiep APAB 
va trung troc A cua doan AB. 

Vi ba diem P, A, B co dinh nen C co dinh (Hinh 95). 
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2 . Theo ti'nh chat cua phep quay, 4 diem l*, C, M, N cung nAm tren 
mot dodng tron. 

Do do dodng tron <</) ngoai tiep \PMN di qua hai diem co dinh 
P va C. 

3. Xet APMN noi tiep duang tron <<x> va C e (a). 

Ke CH 1 x x, CK i y’y. 

Ta co: CH 1 PM, CK . PN va CJLMN nen 3 diem H, K, J thAng 
hang (Hoc sinh to chOng minh). 

H va K co dinh suy ra tap hop cac diem J la dodng thdng HK. 
(Trong toan hoc, dirong thAng nay dope goi ten la dodng thAng 
Simson ufng von diem C cua dOPng tron (a) va cung la dodng 
thAng Simson dng vcti dodng tron ((D). 

Phan dao: Hoc sinh to chOng minh. 

4. Ta co: AM - R 'T -' > BN . 

Suy ra H -^4 K 

=^> CH = CK. 

NhO vay: C nAm tren tia phan giac Pz ciia goc hop bdi hai 
dodng thAng x’Px va y'Py. 

Do do khi A va B di dong, ta co tap hop C cac tarn quay C la tia Pz 
* &3. Cho tam giac ABC vdi f AB; AC ) = 60 ° va AC > AB. 

Hay dong mpt doan thAng MN sao cho: 

M e [AB|, N e [AC] 

< BM = CN 

MN - - BC 

l 2 

Hudng ddn 

Chufng minh trung troc A cua canh BC va trung trpe A’ cua doan 
thAng MN cAt nhau tai mdt diem I nAm tren dodng trdn (O) 
ngoai tidp ,\ABC. 

Giai 

• Gia sd ta da dong dope doan thAng MN thoa yeu cku cua bAi toan: 

M e|ABl, Ne[ACl 

< BM = CN 

MN I BC 
2 
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I 


Dung dudng tron (O) ngoai tiep AABC. 
Goi I la giao diem cua (O) vk trung 
true A cua canh BC. 

Ta c6: AIMB = AlNC (c.g.c) 

=> IM = IN. 

Do do I nim tren trung true A’ cua 
doan MN (Hinh 96) 

AlNC la hinh bien cua AIMB cho 
bdi phdp quay R(I; 60°) theo chi<lu 
quay duemg. 



Cac tam giic IBC vk IMN 14 cic tam giic deu. 
Ta co: AIMN to AlBC. 


Ti so dong dang: k = 


MN 

BC 


1 

2 


=> IM = 


IB 

2 


• Cach dung: 


- Dung duerng trdn (0) ngoai tid'p AABC. 

- Dung trung true A cua canh BC; A c4t dudng tr6n (O) tai I, J 
n&m cung phia vdi di£m A ddi vdi BC. 


- Dung dudng tron tim I, bin kinh p = 


IB 

2 


BC 

2 


c4t AB tai M. 


- Dung did’m N anh cua dilm M cho bdi phep quay R(I; 60°). 
Doan thing MN la doan th&ng phai dung. 

• Chitng minh: 

Trong phep quay R(I; 60°), ta c6: 


B 

-> C 

M , 

N 

BM 

+ CN 

(BM.CN) 

= 60° 


Do dd ta c6: N e [AC] 

AIMN to AlBC, k = - => MN = -BC. 

2 2 

• Bi&n luan: 

Vi d(I, AB) < p = —: Bifdng trbn (I) cat AB a hai diem nhm ve 

2 

hai phia cua A: B&i toan co mot nghiem hinh. 
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64. Cho hai tia Ax va B. khong cat nhau 

flay dung mot duong thang \ cat Ax va By theo thd tU tai M va 
fAM BN 


N sao cho: 


MN / 


/ la mot do dai cho tri/dtc. 

Huang ddn: Xem bai 63. 

Hoc sinh tu giai 

65. Cho tam giac ABC Ve phia ngoai tam giac, dung cac tam giac deu 
A BC, B’CA va C AB 

1. So sanh cac doan thang AA’, BB’, CC”. 

2. Chdng to AA‘, BB'. CC' dong qui tai mot diem I. 

3 Gia sb I n&m trong vABC. Tren tia doi ciia tia BI, lay doan 
BD = 1C. 

Chtifng minh rflng: IA + IB + 1C = /Vv’. 

Giai 

1. Gia sue AB nflm ben trai AC. 

Goc ( AB; AC ) co so do duong. 

Trong phep quay R<A; -60°), ta co: 

B’ --> C 

B-> C’ 

Suy ra: BB’-> C’C. 

Do do ta co: BB’ = CC’. 

Titcrng tit, ta c6: AA' = BB’ = CC’. Hlnh 97 A’ 

2. Goi I la giao diem cua BB’ va CC. 

Ta co: (IA’, IC) = (BA’, BC) = 60° + kl80°, k e Z) 

co I la giao diem thu hai cua CC’ va dudng tron (a) ngoai tiep 
AA’BC. 

Trong phep quay R(B; 60°), AA' co anh la CC’ (Hinh 97). 

Goi I’ la giao diem AA’ va CC’. 

Ta co: (I’A; I’C’) = (BA; BC’) = 60° + k’180° (k* e Z) 
co (I’A’; I’C) = (BA’; BC) = 60° + kl80°. 

Suy ra I’ la giao diem thuf hai cua CC’ va di/ctng tron (a). 

Do do I’ trung vdi I nghla la AA’, BB’, CC’ dong qui tai I. 
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3. Trong ph6p quay R(A’; 60°), Cl co anh la BD. 

Suy ra: A’l = A’D vd (A'l; AT) ) = 60°. 

Do do AA’ID deu 

=> IA’ = ID = IB + BD = IB + IC. 

Mat khdc, ta c6: 

AA’ = IA + IA’ 

=> AA’ = IA + IB + IC 
Vfiy: IA + IB + IC = AA’. 

66 . Cho tam giac deu ABC noi tiep dtfdng tr6n (O; R). 

M la m0t diem di dong tr£n cung BC. 

Tr§n tia ddi cua tia BM ldy m6t P sao cho BP = MC va tr(?n tia 
doi cua tia CM lay m0t diem Q sao cho CQ = MB. 

Tim tap hop cac diem P, Q. 

Hitting ddn 

Chufng minh MB + MC = MA. * 

Giai 


Tr£n day AM, la'y doan AD = BM 
Ta chufng minh rang DM = MC 
Hai tam gidc BCM va ACD co: O’ 
Bi = Ai (Vi sao?) 

BC = AC (gt) 

BM = AD nSn bang nhau P 
ABCM = AACD 
=> MC = CD 



Ta lai c6: AMC = ABC = 60° nen Hinh 98 
AMCD la tam gidc ddu. 

Suy ra: DM = MC. 

Do d6 ta c6: MB + MC = MA. 


Suy ra: MP = MQ = MA 

AMB - AMC = 60°. 


Gia sd: (AB; AC) = 60°. 


Tam gidc AMP deu. Ta co: 


AP = AM 
(AM; AP) = -60° 
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Buy ra P la anh cua M trong phep quay R< A: 60°) (Hinh 98) 

Do do: Khi M chav Iron cung CB thi tap hop eac diem P la cung 
BC’, anh cua cung C’B cho bdi phep quay R(A; -60°), nSm tren 
diinng tron (O’; R) vcri O’ la anh cua O trong phep quay tren, Luu 
y la O’ e (0; R). 

Tu'cmg tip Tap hop cac diem Q la cung CB’, anh cua cung BC cho 
hdri phep quay R(A; 60°), nam tren diiong tron (O”; R) vdri O” la 
anh cua O va O” e (0). 

67. Cho hai true x’x va y’y vuong goc vdi nhau tai O; z’Oz la diicmg 
phan giac cua goc xOy 

Mot diicfng tron (a) di dong di qua 0 va C, C e z’Oz co dinh, cat 
x’x tai M va y’y tai N. 

1. Chiifng to OM + ON khong doi. 

2. Gia suf co m6t di/dng tron co dinh (3) di qua O vk C, ckt x’x tai A 
va y’y tai B. 

Hoi co ton tai phep quay R nao bien AM thanh BN hay khohg? 
Huang din 

Be y ding diem C niim tren tia phan giac z’Oz cua goc xOy 


Gidi 


1. Ta co: MON = 90° nen MN la difcmg kinh cua dufdng tr6n (a). 


C nSm tr£n tia phan giac 
Oz cua goc xOy nen ta co: 

CM = CN oCM = CN 

OH = OK (Hinh 99) 

Ph6p quay R(C; -90°) 
bien HM thdnh KN 

HM = -KN = NK 

^ OM - OH = OK ON 

<=> OM + ON = OK + OH 



Do do tong OM + ON khong doi. 

2. Ph6p quay phai tim chinh la phep quay R(C; -90°). 
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*68. Cho doan thing co dinh AB, M la mgt diem di dong Iren doan 
thing do. 

Trong cung m^t nura mat phing co bi la doing thing AB, dong 
cdc tarn giac deu PAM v4 QMB. 

Goi C la giao diem cua PA vi QB. 

1. Tim tap hop (E) c4c trung diem I cua doan thing PQ. 

2. Chong minh ring tarn cua doing trdn (a) ngoai tiep \MPQ la 
m$t diim co dinh. 

3! Tim tap hop (T) tam J cua doing tron (3) ngoai tiep ACPQ. 


Gidi 

1. Tam gidc CAB c6 A = B = 60° nin 
la mot tam giac deu c6 canh AB = a 
co dinh nen C co dinh. 

CPMQ la mdt hinh binh hanh nen 
trung diem I cua PQ cung la trung 
diem cua CM. 

f 

Tac6: OU^CM. 

2 



Suy ra I 14 anh cua M trong ph6p vi to Hinh 100 

H(C; -) tam C ti s6 k = -. (Hinh 100) 

2 2 

Do d6 khi M chay tr§n doan thing AB = a thi tip hop (E) cdc 
diim I 14 doan thing A’B’ = -a, inh cua AB cho bii phip vi to 


H(C; —), vdi A’ 14 trung diim cua CA v4 B’ 14 trung diem cua CB; 
2 

A’ v4 B’ theo thuf to 14 inh cua A v4 B trong ph6p vi to H(C; ~). 

2. Ta co: 


• AP = PM, PM = CQ => AP = CQ. 

• (AP;CQ) * —120°. 

Do do CQ 14 anh cua AP trong mgt phip quay R(w; -120°) tam 

©, goc quay 0 = - 120°, t&m w 14 giao diem cua cac trung troc 
cua AC v4 CB, © 14 tam doing trin ngoai tiep ACAB. Suy ra co 
ci dinh; © cung nim tren trung troc cua PQ. 
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2 Car tam giac CAB va QMB deu. 

Car canh CA va QM eo chung trung triic Bx 
Ti/cfng ti i: CB va BM co ehung trung true Ay. 

Do do tam during iron ngoai tiep \MFQ trung vdi tam dudng 
tron ngoai tiep o> cua \CAB. 

Vay: Tam dtfdng tron ngoai tiep \MPQ la mot diem co dinh. 

3. Cac tam giac CPQ va MQP doi xtifng nhau qua I nen hai dtfcfng 
tron ngoai tiep cua chung cung doi xUng nhau qua I. 

Suy ra J va o> doi xiing nhau qua I. 

T’a co: <oJ = 2coI 

J la anh cua l trong vj tuf (w; 2) tam o> ti so k = 2. 

Khi I chay tren (loan thang A’B’ thi tap hap cac diem J la doan 
A”B” song song va being doan AB, anh cua A’B’ cho bee phep vi 
tu H(or, 2). 

69. Cho tam giac ABC, 

1. Xet cac phep quay R(A; a) va R(B; p). 

Dinh a va P sao cho C bat bien trong tich R(A; a).R(B; P). 

2. Goi: R, = R(A; 2tx) 

R 2 = R(B; 2p) 

R 3 = R(C; 2y) 

Vdi a = ( AC; AB); p = (BA; BC); y = (CB; CA ). 

Chufng to rkng tich 

Ri x R 2 x R a 

la mot phep bien doi dong nhat 

Giai 

1. Trong phep quay R(A; a), goi 
C’ la anh cua diem C, suy ra 
C’ nkm tren dudng Iron (A) 
tam A ban kinh R = AC. 

Di^m C bat bien trong phep 
bien hinh R(A; u).R(B; p) nfin 
C’ la anh cua C cho bdi phep 
quay R(B; p). (Hinh 101) 

Suy ra C’ nkm tren dudng tron (B) tam B ban kinh R’ = BC. 
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Do do C vi C’ lit giao diem cua hai dudng tr6n (A) vi (B). 

Suy ra C vi C’ doi xufng vdi nhau qua du&ng thing AB. 

Taco: |a|=2BAC 
lPi =2 ABC 

2. Ta biet ring mot phep quay c6 the xem 1A tich cua hai phip d6i 
xtfng 

R x = R(A; 2a) = S(AC) x S(AB) 

R 2 = WAi 2p) * S(BA) x S(BC) 

R 3 = R(C; 2y) = S(CB) x S(CA) 

=> Ri x Ra x R 3 = I, phip bi£n hinh ding nhat. 

70. Trong mit phing (Oxy). 

Tr§n true x’Ox, liy mpt diem A co dinh la mot diem M di dong; 
tr§n true y’Oy, l£y mdt diem B co dinh vi mOt diem N di ding 
sao cho 

OA = OB = a 
OM + ON = a 
vdri a 1A m0t d6 dii da bi£t. 

1. Chufng minh ring trung true (A) cua doan thing MN luon luon di 
qua mOt di£m c6' dinh C. 

2. Tim tAp hcrp (E) trung diem I cua doan thing MN. 

3. Goi P 1A dinh thtf tu cua hinh chi? nhftt MONP. 

* f 

Tim tip hop (T) cic dilm P. 

Hitting ddn 

1. Be y phip bien hinh f biin d& AM thinh BN. 

2. Vin dung tinh chit cua phip quay. 

3. So sinh cic vecto OP vi 01. 

Gidi 

1. Cic vecto AM vA BN c6 cung di dai (Vi sao?) va vudng goc vdi 
nhau nen ta c6 the xem chung suy t£f nhau trong mpt phep quay 
R(C; 90°) tim quay C g6c quay 0 = 90°. 

AM - RlC -^°-U BN 

Di nhien trung true A cua doan thing MN di qua tim quay C. 
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2. C la giao diem cua trung true 
OJ cua doan thing AH va 
ditcrng tron ngoai tiep \OMN, 
trung diem I cua doan MN la 
tarn duong tron. Suv ra 1 aim 
tren trung trite cua B(' 

Gidri han: Khi M -> A thi N > B 

Khi M O thi N > B’, OB’ = 2a 

Khi N -* O thi M -> A’. OA’ = 2a 

Tap hop (E) cae diem 1 la doan 
thing AB (Hinh 102). 

3. MONP la mot hinh chut nhat nen 


v 



OP = 201 => OP = 2 01 


x 


P la anh cua I trong phep vi to H(0; 2) tarn vi tu O, ti so vi to k = 2. 
Ta co: 0A ; = 20A 
OB' = 20B 

Do do khi I chay tren doan thSng AB thi tap hap (T) cac diem P 
la doan thing A’B’, anh cua AB cho bdi phep vi to H(0; 2) 

71. Cho hai duerng tron bing nhau (O) va (O’). Lay A, M thuoc (O) va 
B, N thubc (O’), A va B co dinh, M va N di dong sao cho: 

( OA; OM ) = (O'B; O'N). 

1. Chufng minh ring trung troc A cua doan MN luon luon di qua 
mot diem co dinh. 

2, Goi M’ la di§m doi tam ciia diem M 

Chifng minh ring trung true A’ cua doan M’N luon luon di qua 
mot diem co dinh. 

Hoc sinh to giai. 
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ChUttng V. PHEP DONG DANG 


KI^N THLfC cAn NHCf 
I. Tam gidc dong dang 

1. Dinh nghia: Hai tam giac duoc goi la d6ng dang khi chungc6: 

- Cdc goc bang nhau doi mpt, 

- Cdc canh tuung tfng ti 1? (Hinh 103) 

A 


t.4Jl 


Neu hai tam gidc 



A’B’C’ 

va ABC d6ng 

dang 

vdi 

nhau thi ta viet: 



AA’B’C’ oo AABC 



[ A’ = A; B = 

B; C : 

-- C 

<^=> < 

A’B’ B’C 

C’A’ 

— \r 


AB BC 

CA 

= K 



Hinh 103 

Ti so k cua hai dd ddi tuong tfng cua hai tam giac doig dang 
duoc goi Id ti dong dang. 

TD: Cho AA’B’C’ oo AABC. 

Ti sd' hai dtfdng cao tifcmg ufng h', va h a , ti so hai trurg tuyen 
tuong ufng m’ a v& m a , .... b&ng ti so d6ng dang: 


h' a 


m 


m. 


®_ — — 


a 

a 


= k 


* Neu hai tam gidc c6 cAc 
canh ddi mOt song song thi 
duoc goi Id d6ng dang true 
tidp (Hinh 104). 

TD: Phdp vi tu H(0; k) bidn B 
AABC thdnh AA’B’C’ d6ng 
dang true tidp vdi AABC. 

Ti so ddng dang chinh Id 
ti s6' vi tu k. (Hinh 105). 



C N 
Hinh 104 




B’ 


Hinh 105 
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2. Tilth clutt 

a) Moi tam giac dupe xem la dong dang vdi chi'nh no. 

\ABC co \ABC 
Ti so dong dang k = 1 

b) Neu \A’B'C’ oo \ABC thi \ABC co \A’B C 

c) Neu ta co: \ABC oo \A’B'C 

va \A’B’C’ co \A”B”C” 

thi AABC co \A"B”C” 

3. Dinh It: 

Neu mot dudng thang song song vdi mot canh cua tam giac thi 
dubng thflng do hop vdi hai canh con lai (ho&c vdi phan keo dai 
cua hai canh con la i ) mot tam giac mdi dong dang vdi tam giac 
da eho 

4. Cdc trUbng hop dong dang cua hai tam giac (xem SGK Idp 8). 

II. Phep dong dang 

1. EHtth nghia 

Phep dong dang trong mdt phdng, goi tftt la phep dong dang 
phing, la mot phep bien hinh, bien hai diem A: B thuoc mp (P) 
thanh hai diem A', B’ thuoc mp (Pi sao cho A’B’ = k.AB, k la 
mot so thuc ducmg; k duoc goi la ti so dong dang. 

2. EHnh It 1: 

Phep dong dang la tich so cua mot phep tu ducrng va mot phep 
quay hoSc tich so cua mot phep quay va mot phep vi tu ducrng. 

Tam cua phep vj tu va tam quay khong bat buoc phai trung nhau. 
Neu tam vi tu va tam (]uay trung nhau vdi diem O thi phep 
dong dang duuc ki hieu la 

S,(O; k; 0) 

Ta co: H(0, k) * R(0; 0) = (O; k; 0). 

TD: • Phep ddi hinh la mot phep dong dang ti so k = 1. 

• Phep vi tu la mot phep dong dang co ti so bkng tri tuyet 
ddi cua ti so vi tu 

• Bao ngupc cua phep dong dang ti k la mot phep dong 
dang co ti so 
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Ta suy ra: Trong mot phep dong dang: 

+ Anh cua mpt dtfcrng thing 14 m|t dudng thing 
•* v 
+ Anh cua mpt g6c la mot goc bang no. 

3. Dinh It 2: 


a) Dinh U thudn: A’, B’ v4 A, B 14 hai cap di^m doi ufrg trong 
m|t phep dong dang thi 

+ Ti so giufa hai doan thing A’B’ v4 
AB blng ti sd' vi tu. 


blng goc quay (Hinh 106) 

A ._m 

B 


, H(0,;k) x R(O 9 )0) 


H(Q 2 ;k) x R(Q 2 )9) 


A’ 
B’ 


c=> 


AB 


= k 


AB 

(AB; AB’) = 9 



b) Dinh li dao: 

Cho hai hlnh phlng (F) v4 (F*). 

N§'u tfng vdi mli cap dilm (A; B) cua hinh (F), ta c6 n|t cap 
dilm (A’; B’) cua hinh (F’) m4: 

AB' . 

• AB ~ k 

(AB; AB') = 0 

vdfi 0 v4 k khing dli thi hai hinh (F) v4 (F’) ti/cfng ufrg nhau 
trong m|t phlp ding dang Si. 


4. Dinh li 3: 

Tich s 6 cua hai ph6p ding dang 14 m|t ph6p ding dang ci: 
+ Ti so blng txch c4c ti so: k = kik 2 . 

+ G6c blng tong c4c goc: 0 = 0j + 0 2 . 


94 



LUYEN TAP 


72. Trong mot phep dong dang, co mot diem hat bien gpi la tarn d6ng dang. 
Lam the nao de xac dinh tam dong dang neu biet diem anh cua 
diem A cho trddc la diem A’? 

jiai 

Goi C) la tam dong dang cua phep dong dang Si(0; k; 0). 

() bat bien nen ta co: 

OA' = kOA, k * 1 (a) 

(OA; OA) 0 (b) 

Goi I va J la hai diem nSm tren dddng thSng AA’ sao cho: 
IA' = k.lA 
JA' = k.JA. 

• Tit (a): Ta suy ra diem O oAm tren durdng tron (a) ditcfng kinh IJ. 
(FXfdng tron nay dooc goi la ddcfng tron Apollonius). (Hinh 107) 

• TCr (b), ta suy ra diem O nhm tren cung (|J) chufa goc dinh htrdng 
0 gidi han bdi hai diem A va A’. 

Bddng tron (a) va cung (11) 
cat nhau tai mot diem duy 
nhat O Do la tam dong 
dang cua phep dong dang 
Sj(0; k; 0) da bien diem A 
thanh diem A’. 

Hinh 107 



73. Cho A'B' la anh ciia AB trong phep ddng dang Si(0; k; 0). 
Hay xdc dinh k, 0 va tam O 


Giai 

• Ti s6' dong dang: 



• Gdc dong dang: 

0 = (AB; A'B') 

• Xac dinh tam O: 

+ Cdch 1: xem bai 72. 



+ Cdch 2: (Hinh 108) 


Hinh 108 
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Goi I Id giao diem cua hai difdng thdng AB vd A’B’ ta co: 
(IA; IA’) = 0 + m,180° 

(IB; IB’) = 0 + m.l80° 
f(IA; IA ) = (OA; OA) 

^ {(IB; IB ) = (OB; OB') 


Do do tdm O la giao didm thur hai cua cac difdng tron (a) igoai 
tiep AlAA’ vd difdng tr 6 n (P) ngoai tid’p AIBB’. 

74. Cho hai difdng tron khdng b&ng nhau (I; R) vd (I’; R’). 

Hai difdng tr 6 n nay cd tifcmg dng vdi nhau trong mdt ph^p d 6 ng 
dang nao hay khdng? 


Gidi 

Gia suf co mot phdp dong dang Sj(0; k: 0) bien difdng tron (I; R) 
thanh difdng tron (I’; R’) (Hinh 109) 

Ta suy ra: 

• [! Si( 0 ;kj9) ^ 


• k = 

or 


R 

R 


r; 

r 



oi 

Goi Ji vd J 2 Id diem chia doan 
II’ theo ti k vd -k. 

or j.r j 2 r 

^ oi = J,I = J 2 I 

Do dd O ndm trdn difdng trdn (a) difdng kinh JiJ 2 . 

Ji vd J 2 chinh Id hai tdm vi faf bid'n difdng trdn (I; R) ihdnh 
difdng trdn (I’; R’). 

Ndu (I) vd (I’) giao nhau tai A vd B thi (a) di qua A vd B. (Difdng 
trdn (a) difcrc goi Id difdng trdn dong dang cua cdc diidnf trdn 
(I; R) vd (I’; R’) da cho). 

Vdy: Hai difdng trdn khong bdng nhau (I; R) vd (I’; R’) cd the xem 
tifcmg ufng nhau trong vd so phdp dong dang ma ti so dong dang 
R 


la k = 


R 


hodc k = ^ 7 ], co tarn dong dang ndm tren difdng trdn 


dong dang cua hai difdng tron da cho. 
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75. Cho hinh chuf nhat AH('I) co: 

AB = a; AD = 2a; (AH: AD) = 90’ + k .360 . k < Z. 

Goi I la trung diem cua canh B( ’ 

Xac dinh phep dong dang: 
a) Bien vector AB vecto BC 
h) Bien AB thanh 11) 

Gidi 

1. Ta co: 

|BC = 2AB 

j(AB; BC) 90 ! • k360 

Do do BC la anh cua AB trong 
phep dong dang Si(0; 2; 90") 
vdi O la giao diem thiV ha« cua 
cac dudng tron (u) va 1(3) co 
dudng kinh theo thii to la AB 
va BC (Hinh 110). 

2. Ta co: 

j ID = ABn/2 

[(AB; ID) = 135" + m.360' 1 (m e Z) 

Do do ID la anh cua AB 
trong phep dong dang 
Si(0’; 42 ; 135°) vdi O’ la 
giao diem thuf hai cua cac 
dudng tron (y) va (q>) ngoai 
tiep cac tam giac Aid va 
BDJ, J la giao diem cua 
cdc di/dng th&ng AB va ID 
(Hinh 111). 

76. Cho B 14 anh cua A trong phep dong dang Si(0; 2; 60°). Hay xdc 
dinh vi tri cua diem O. 

Huang d&n: Difng tam giac deu .ABC vdi (CA; CB) = 60 n + k.360°, 
(k 6 Z). 

Goi I va J theo thu tii la cac diem chia vecto AB theo cac ti so 
2 va - 2. 

Co nh&n xet. gi? 




97 




Gidi 


Dirng tam giac deu ABC vdi: (CA; CB) = 60° + k.360° (k <e Z) 


=> (OA; OB) = (CA; CB) + k.360°. 


Suy ra O nSm tren cung chura 
g6c dinh hirdng 60° vd tren 
canh AB. 

Goi I v6 J theo thb tii 16 c6c 
didm chia vecto BA theo cdc 
ti so 2 va -2 (Hinh 112) 



Ta co: 


OB _ IB _ JB 
OA = IA " JA 


(= 2 ). 


Suy ra diem O nkm tr6n dudng tr6n (a) dtfdng kinh IJ. (vi ;ao?). 
Do do O 16 giao diem cua cung ACB chOfa goc 60° v6 dirdng ttrtn (a). 


Bieu thiic gidi tick cua phep dong dq.ng (thuqin) trong mcit ohang 

Trong mat phang (Oxy), cho diem co dinh I(a; b) va nnct <di4m 
M(x; y). 

Goi M’(x’; y’) la anh cua diem M trong phep dong dang ph4ng 
Si(I; k; 0). 

Ta c6 toa dO cua M’ 16: 

fx" = x, + k(x - x,)cos0 - k(y - y,)sin0 
|y - Yi + k(x ~ x,)sin0 + k(y - y,)cos0 

vdi k la m0t so thifc doong va -180° < 0 < 180°. 

+ N4'u t6m I cua phdp d6ng dang trung vdi didm gdc O ’ii.a h0 
true toa dp, ta cb: 

\x = k(cos0 - ysin0) • 

|y' = k(xsin0 + ycos0i 

77. 1. Trong phdp dong dang S,(I; 3; 60°) diem M(-l; 3) cd in:h la 
diem n6o? Biet 1(1; 5). 

2. Diem M co anh la diem nao trong phep dong dang Si(0; 3; 50'°)? 
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(iidi 


1 Van dung cong thiic 

x x. * k<x \ )c<>sO k<y y isinO 

y y, + k<x x, IsinO • k(y y )cosO 

trc»ng do M’(x’: y’) la anh ciia diem M(x;y) cho bdi phep dong 

da ng Si(I; k’; 0). 

Vdi 1(1; 5), k = 3 va H = 60", ta co: 

! i / o _ 

ix‘ = 1 + 31 ■ 1 1) 3(3 5).-™- - 2 + 3x/3 

lL 

Iy’ = 5 + 3< 1 l»,y ] - 3(3 5).j- 2 - 3v3 

Vav: M’(-2 + 3 S ; 2 - 3 v'3 >. 

2. Trong phep dong dang S,(0; 3; 60"i, diem M(-l; 3) co anh la 
diem Mi(xj; yi) vdfi: 

J 1 , v'3 3(1 ^ 3v'3) 

X| ~ i 2 1 2 

I 

{ 
j 

y. = 

I 
{ 

Vay: M,f- 3(1 + 3 v3) ; 3(3 ~ 

2 2 

v j 

78. Tron.g mat phang (Oxv), tren tia Ox lay mot diem co dinh A; tren 
tia Oy lay mot diem co dinh B va tren doan thang AB lay mot 
diem M. M$t dirfmg thang A bat ki di qua M cat tia Ox tai C va 
tia Oy tai D. 

Goi I va J theo thdf to la tarn cac ditong tron (a) ngoai tiep tam 
gpac MAC v4 dirdng tron (p) ngoai tiep tam giac MBD. 

Chufmg minh rang goc IMJ la goc vuong. 

Huang d&n: Goi N la giao diem thi/ hai ciia cac difimg tron (a) va (P). 
De y ph6p dong dang tam N co goc dong dang 0 = 90° 

Gidi 

•Cac dating trbn (a) va (p) co chung nhau diem M nen co chung 
mhaiu diem thuf hai N. 

IPh6 p dong dang tam N, goc dong dang 0 = 90° bien AC thanh 
BD (Hinh 113). 
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Do d6 diktng tr6n (p) Id anh cua diking tron la) cho bai phep 
dong dang tren. 

=> (NI; NJ) = 90° + k360°, k e Z => IMJ = 90°. 

* Chu y: Ta c6: IMJ = 90° oIMi JM. 

Ta suy ra: IM vd JM theo thuf 
tit la tiep tuyen cua cac 
diking tron (P) vd (a) tai giao 
diem M. 

Trong toan hoc, tai diem 
chung ciia hai dtidng cong 
(Ci) va (C 2 ) neu cac tiep 
tuyd'n cua (Ci) va (C 2 ) vuong 
goc vcri nhau thi hai di/crng 
cong (Ci) vd (C 2 ) ditcrc goi Id Hinfl 113 

trite giao vdi nhau. 

Trong bai toan tren, hai diking tron (a) vd (P) la hai diking tron 
trite giao. 

79. Cho hai diting tron (O; R) vd O’; R’) giao nhau tai A vd B ma 
OAO' = 90° 

Mpt cdt tuyen di dong A di qua A cdt ede ditdng trbn (O) vd (O’) 
theo thur tit tai M va M’. 

Goi Mt vd M’t’ Id cac tiep tuyen tai M cua (O) vd tai M’ cua (O). 
Chufng minh rdng Mt vd M’t’ vuong goc nhau. 

Huang ddn: Xet phep dong dang 

SifB; 90°). Gia sur ((AO; AO') = 90° + k.360°, k e Z. 

Gidi 



Phdp d6ng dang S, 





bien ditdng tron (O) thdnh diking 
tr6n (O’). 

Trong phep dong dang tren, t 
diem M bien thdnh diem 
M’; tiep tuyen MT bien 
thdnh tiep tuyen M’t’. 



(Mt; M’t’) = 90° + k.l80°, k e Z 


Hinh 114 


t’ 
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Do do ta co: 

Mt 1 M’t’ (Hinh li t) 

80. 'Yen diidng tron (O; R), eho diem co dint. A va mot diem di dong B. 
Ddng hinh vuong ABCD sao cho (AB: AD) > 0. 

Tim tap hop cac diem C va D. 

Jioi 


Tap hap eac diem C. 

!AC = ABx/2 

- 45" ^ k.360*, k e Z. 

Suy ra C la anh cua B trong phep dong dang S,(A; 72 ; 45°). 


Ta co: { 


Dc do khi B chay tren di/ong tron 
(O; R), ta co tap hop cac diem C la 
diking tron (O’; R72), anh cua 
diking tron (O; R) cho bdi phep dong 
dang Si(A; 72 ; 45°), vdi O’ la anh 
cua O trong phep d6ng dang tren. 
(Hinh 115). 


2. Tap hop cac diem D. (Hinh 116). 


Ta co: 


AD - AB 

(AB; AD) = 90" + k.360", k e Z. 


Ta suy ra D la anh cua B 
trong phep R(A; 90°). 

Do do khi B chay tron diking 
tron (0; R) thi tap hop cac 
diem D la dudng tron (O”; R), 
anh ciia dtfdng tron <0; R) 
cho bdi phep quay R(A, 90°) 
vdi O’’ la anh cua O trong 
phep quay tren. 




81. Trong mAt phAng (Oxy), lay diem A co dinh tren tia Ox va diem B 
co dinh tren tia Oy. Tren dilcrng thAng A vuong goc vdi diking 
thAng AB tai A. lay mot diem di dong M. DuOng thAng vuong goc 
vdi OM tai O cAt diking thAng AB tai N 
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Tim tap hap trung diem 1 cua doan thang MN. 

Hi/ang ddn: Chdng minh cac tarn giac MON va AOB dong dang. 

Giai 

Ta co: AONB oo aOMA 
AMON oo lAOB 
Goi J la trung diem ciia doan 
thang AB. Ta suy ra: 

AOIM OO AOJA. 

01 OJ AB 

I- 

Ta c6: 


OM OA 20A 
01) = (OA; 





AB 


Do do 1 la anh cua diem M trong phep dong dang Si j O; ; 0 j 

l, 20A j 

Khi M chay tren difdng thang A thi tap hcrp cac dilm I la di/dng 
thang A\ anh ciia difcfng thang A cho bdi phep d6ng dang tren 
(hinh 117). 

82. Cho hai di/dng tron: (Ci): x 2 + y 2 - 4x = 0 

(C a ): x 2 + y 2 - 2y = 0 
va M la m0t die"m di d0ng tren (Ci). 

Goi I la giao dife’m thilr hai cua (Ci) va (C 2 ); IM cat (C 2 ) tai diem 
M’(x’; y’). 

1. M’ la anh cua diem M trong ph6p bien hinh nao? 

2. Tim tap hop trung diem J cua doan MM’. 

Giai 

1. Buftng trdn (Cj): x 2 + y 2 - 4x = 0 c6 tarn Ci(2; 0), ban kinh Ri = 2. 
Biicrng trbn (C 2 ): x 2 + y 2 - 2y = 0 c6 tarn C 2 (0; 1), ban kinh Ri = 1. 
(Ci) ti§'p xuc vcri true tung tai 0, (C 2 ) tiep xuc vdi true hoanh tai 0. 
(Ci) va (C 2 ) co hai diem chung la dilm O va diem I. (Hinh 118). 
Ta c6: 

OC, = -OC, 

2 2 1 


[(OCi; OC 2 ) - 90° + k.360°, k e Z. 

Ta suy ra doOng tr6n (C 2 ) la anh cua dirdng tron (C^) trong p>hep 

dong dang Sif(); 90' 1 
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MM’ qua I nen M la anh cua diem M trong phep d6ng dang 


Si 0; ?; 90' 

■o 


+ V 


Si(0: 90 ) 

M - 2 


2. Toa do cua M’: 


1 


lx = -(xcos90" vsinOO 


y 

2 


x 

2 


|y’ ^(xsinOO'’ * vcos90 j 

Suy ra toa do trung diem -J cua doan MM 



Hinh 118 


v 


jy. 


c :> 


! x = 


ly 


X M 

+ X M 

•“ 2 

2x - y 


2 

2 

““4~ 



X 


>'v 

y.M 

y+ 2 

x + 2y 


2 

2 

4 

8x A 

+ 4yj 




5 



“3 

GO 

- 4xj 




o 


Ta co: x 2 + y 2 - 4x = 0. 

(8xj + 4yj) 2 (8y, - 4x,,) 2 4(8x t , + 4Vj) 

c> 25 + 25 . 5 

o x 2 * y 2 - 2x, ( - yj = 0 
Do do tap hap cdc diem J la dufcrng tron 
(C 3 ): x 2 + y 2 - 2x - y = 0 

( I \ , , 

co tarn C 3 l; — la trung diem cua doan C 1 O 2 . 

, ’ 2, 

Nh£n xet rang dudng tron (C 3 ) di qua 1 
83. Trong mat ph&ng (Oxy), cho A(2; 0) va diem B(0; 2); A la difofng 
thftng vuong goc vdi AB tai B, Mot dadng tron (a) di d6ng tarn I 
di qua A, B va cat Oy tai M, A tai M\ 

1. Xac dinh phep dong dang bien diem M thanh diem M’. 

2. So sanh cac doan thdng BM’ va OM. 

Giai 

1. Tam giac OAB vuong can tai O 
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o OBA = 45° 
o MBM' = 45° 
o MAM’ = 45° 

=> AMAM’ vu6ng c6n tai M (Hinh 119) 

=> AM = R 42 vdi R 16 b6n kinh 
dtfdng tron (a). 

o AM = ^ . 72 o AM’ = AM 72 . Hinh 119 

AM' = AM\^ 

Ta c6: __.v 

(AM; AM') = -45° + k.360°, k e Z. 

Do d6 M’ la anh cua diem M trong phep dong dang Si(A; 72 ;-45°). 
M i SKA^B-), M - 

2. Phep dong dang SKA; 42 ; -45°) bien: O —> B 

M —> M’ 

OM —> BM’ 

Do do ta c6: BM’ = OM 42 . 

84. 1. Trong mat ph&ng (Oxy), cho hai diem A( 1; 0) v6 B(3; 0) vdi B 
16 6nh cua A trong m$t phep d6ng dang tarn I v6 co ti si dong 
dang k = 73 . 

H6y tim tap hap (T) c6c t6m d6ng dang. 

2. Xat trifdng hop A(0; 1) v6 B(0; 3). 

Giai 

Goi I(x; y) la t6m cua ph£p dong dang da cho. 

Theo gia thi£t, ta co: IB = 43 IA. 

1. Ta c6: IB = (3 - x; -y) 

IA = (1 - x; -y) 

(l)o 7(3 - x) 2 + y 2 = 43. 4(1- x) 2 + y 2 
o(3 - x) 2 + y 2 = 3[(1 - x) 2 + y 2 ] 
o 9 - 6x + x 2 + y 2 = 3( 1 - 2x + x 2 + y 2 ) 
o 2x 2 + 2y 2 = 6 o x 2 + y 2 = 3. 

Tap hop (T) tarn dong dang 16 du&ng tr6n (O) tam O, b6i kinh 
R = 7§. 

2. Hoc sinh tir giai. 
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*85. Oho xOy = 45" sao oho (Ox; Oy) > 0. Tron tia Ox. lay doan 

AB = 2a; tren tia Oy lav (loan ('!) = la A n&r.n giufa O va B; C n&m 
gitfa Ova D. 

Goi E va F theo thuf tu la trung diem cua AB va CD; E va F co 
dinh khi a thav dol 

1 Xac dinh phep dong dang Si(I; k; (jib ion AB thanh CD. 

2. Xac dinh phep dong dang Si(J; k'; o’) hi A n AB thanh DC. 

3. Chung to rSng khi a thav dm, hai diem I va J n&m tren mot 
dudng co dinh (L). 

jiai 

1. Theo gia thiet, ta co; 

(CD - 2AB 

] 

j(AB; CD) - 45" + rn 360' . rn , Z. 

Do do CD la anh cua AB trong mot phep dong dang tam I, co 
ti so dong dang k = 2 va goc dong dang 0 = 45° 

Tam dong dang I la giao diem thuf hai cua cac dudng tron ngoai 
tiep cac tam giac OAC va OBD 

2. Ta co: 

CD = 2AB 

'(AB; DC) = -135" + m.360 ! . m Z 

Do do DC la anh cua AB trong mot phep dong dang tam J, co 
ti so dong dang k’= 2 va goc d6ng dang 0 = -135° (Hoc sinh tu 
ve hinh). 

Tam dong dang J la giao diem thdf hai cua cac dtrdng tron ngoai 
tiep cac tam giac GAD va OBC. 

3 Trong cac phep dong dang tren, trung diem E cua doan AB bien 
thanh trung diem F cua doan CD. 

Do do I va J deu nAm tren dudng tron ngoai tiep AOEF. 

Vay: Khi a thay doi, hai diem I va J luon luon nkm tren mot 
dudng trdn co dinh, 

86 . Cho mot dudng thSng co dinh D va mot co dinh 1 nSm ngodi 
dudng thdng D, M la mot diem di dong tren D. Dung tam giac 
vuong can MIN dinh M vbi (IM; IN) > 0. 
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1. Tim t$p hap (T) cdc diem N. 

2. Tim tap hap (E) cac trong tarn G cua tarn gidc MIN khi M di 
d0ng tren dadng thing D. 

Giai I 

1. AMIN vuong can tai M. 

Suy ra: IN = IM 42 va MIN = 45° / \\\ / ° 

Tac6: _ D 

flN = IMV2 ' 

j(lM; IN) = 45” + m.360° (m e Z) / N 

m Hinh 120 

Ta suy ra: 

N la anh cua did’m M trong phep dong dang SUI; v2 ; 45 ’) 

Do do khi M chay tren dadng thing D thi tap hap (T) cac diem 
N la dadng thing D’, anh ciia dadng thing D cho bai phep dong 
dang Si(I; v/2 ; 45°). 

(Dang IH i D tai H vd dang tam giac HIH’ vuong can tai H, 

H’ e D. Ke dadng thing D’ vuong gdc vdi IH’ tai H’, D’ la anh 

cua D. Di nhiin D’ di qua N). (Hinh 120). 

2. Goi J la trung diem cua MN va MIJ = a. 

, MJ 1 

1 I A A n ArtO 


Ta c6: • tana 


IM ~ 2 


■=> a khong doi vdi O < a < 90°. 


TT2 ,w 2 w T 2 5IM ' TI IMv5 

• IJ 2 = IM 2 + MJ 2 = —— => IJ = —— 

4 2 


^ IG= |IJ 


IM75 


Ta suy ra G 10 anh cua diim M trong phep d&ng dang Si 11; ca j. 

Do do khi M chay trdn dadng D thi tip hap (E) cac diem G la 
dadng thing D”, anh cua dadng thing D cho bdi phep d6ng 

i J, S ) 
dang Si! I; -x-; a !. 

3 i 


Goi G’ la trong tam AHIH’. Ke D” L OG’ tai G’). 
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87. ('ho mot diem co dinh I* va mot duong tron di dong (()). 

Qua P, ke cac tiep tuvdn PT PT’ vdi dudng tron (O). Tim tap hop 
cac diem T. T\ 

1 Khi () di dong tron dudng thang co dinh \ 

2. Khi 0 (ii dong tron dudng tron co dinh (I Ri. 

Biot rang goc TFT = u khong doi 

Huang ddn: CAn nho rkng PO la phan giac cua goc TPT’ Do y 

( X 

phep dong dang tarn A. goc dong dang 0 = t — • 

Giai 

Gia stjf (PT'; PT) = « + k,%0" vdi k • Z. 


^ (PO; PT) = | + m.360° vdi m € Z 

PT a 

ATPO vuong tai T => = cos ^ > 0 

Do do T la anh cua diem 0 

trong phdp dong dang 

o-fn a a) 

Si; P; cos—; ^ . 



1 Khi O di dong tron dudng thang \ thi tap hap cac diem T la 
dudng thang A\ anh cua dudng thang \ cho hoi phep dong dang 

Si P; cos~: ~) (Hinh 121) 

i~. St j 

2 Khi O di dong tron dudng tron (I; R) thi tap hop cac diem T la 
dudng tron (I’; R’), anh cua dudng tron (I; R) cho bdi phep dong 

dang SijV; cos™; ~ | vdi P la anh cua I trong phep dong dang 

tren va R’ = Rcos ™ 

z 

* Tap hop cac diem T’: Hoc sinh tu giai 

*88. Cho mdt dudng thang co dinh a va mot diem co dinh A co khoang 
each den A mot doan d M la mot diem di dong tren dudng thang A. 

1. Tim tap hop cac diem P va P’ duuc xac dinh nhu sau: 
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vdi k la m$t so thiic ditong cho trifdc. 

2. Chufng minh ring ditdng trdn (a) ngoai ti€Tp tam giac APP’ luon 
ludn di qua m^t diim co dinh B khdc A. 

3. Tim tap hop cdc di£m B khi k thay dtfi, A co dinh. 

4. Gi£ suf A di d§ng tren mpt ditdng thing co dinh D khong song 
song vdi A va k > 0 khong dii. 

Tim tdp hop cdc diem B. 

Huang ddn: Tit gia thiet, ta suy ra ditoc dieu gi? 

• 3 diem P, M, P’ thing hang. 

• AADD’ c6 gi dac bi£t? 

• AM 2 = AP.AP’ AAPP’? 


Giai 

Tit gia thiet, ta suy ra 3 diem P, M, P’ thing hang va M nim 
giufa P, P’. 

Ta lai c6: AM 2 = AP.AP’ 

AM 1 PP 

Suy ra AAPP’ vu&ng tai A. 

Dat MAP = a 
MP 


=> 


= tana 



MA 

=> tga = k => a khong doi. 

Gia suf: (AM; AP] = a + k.360°, k € Z 122 

1 


AP 


cosa 


.AM 


Ta c6: 

(AM; AP) = a + k.360, k e Z. 

Ta suy ra P la anh ciia diem M trong phep d&ng dang Sij A; 


cosa 


a 


Do do khi diem M di dong tren ditdng thing A thi tap hop cac 
diem P la ditdng thing A’, anh cua ditdng thing A cho bdi phep 

dong dang Si f A; ——; a j (Hinh 122). 

• v cosa I 
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Tiicfng tiT: Tap hop cac diem P’ la difong thAng A”, anh cua 

J \ 

difdng thAng \ cho hdi phep dong dang Si A, —; a - 90" j. 

sina 1 

2. Goi B la giao diem cua va V. B cd dinh va A’ i A”. 

Tuf giac APBP’ noi tiep difdng tron difdng kinh PP’. 

Vay: Bifdng tron (a) di qua diem co dinh B khac A. 

3. Cloi Hi va H 2 theo thd tii la anh cua diem H (AH J_ A tai H) trong cac 

phep dong dang Si A; -- ; a ! va Si I A; X a - 90" J 
’ cosa j sine/ j 

Suy ra: Hi va H 2 theo thuf tu" la giao diem cua A vdi A’ va A”. 

Ta co: AHi 1 A’; AH 2 i 

Ta suy ra tuf giac AH,BH, la mot hinh chO nhat. 

Goi I la giao diem cua AB va H,H 2 . 

Ta co: AB = 2 AI 

A cd dinh, k thay ddi, va \" thay ddi, B la anh cua I trong 
phep vi tif H(A; 2). 

Khi M di dong tren A, 1 cung di dong tren A, tap hop cac diem B 
se la dodng thAng Ai, anh cua difdng thAng A cho bdi phep vj tif 
H(A; 2). 

Goi H’ la anh cua H trong phep vi tif H(A; 2): 

AH' = 2 AH. 

Ai di qua H’ va song song vdi A; \i each A mot doan bAng d, nAm 
khac phia vdi diem A ddi vdi A. 

4. Nhan xet rAng dng vdi moi vi tri cua diem A va mot tri so 
difong khong doi k, ta luon luon difng difcrc hinh chuf nhat 
AH]BH 2 vdi Hi, H 2 e A va do do I t A. 

Ta lai cd: HAHi = AH H = a nen neu k khong ddi thi a cung 
khong doi. 

Do do hinh chuf nhat AH]BH 2 luon luon dong dang vdi chinh no 
Ta suy ra AB co phurong khong doi. 

Goi C lA giao diem cua A va D. 

Tif C difng difdng thAng D’ song song vdi phifong AB, D’ cd dinh. 
Chum 4 difdng thAng D, CB. A, D’ la mot chum dieu hoa. Do do 
CB cd dinh. Tap hop cac diem B la difdng thAng A 2 , lien hop cua 
P doi vdi A va D. 
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89. Cho hinh vuong ABCD. Mqt diTbng thing A di qua A cit di/bng 
thing CD a E. Ducrng thing A’ di qua A vuong goc vdi A cit 
duOng thing BC o F 

Tim tip hop (T) trung diem I cua doan thing EF 

Huong dan: Be y phip quay R(A; 90°) vi phep dong dang 

( fo D 

Si I A; 45° . 

V 1 ) 

Giai 

Ta co: (AD; AB) = (AE; AF) = 90° 

Phep quay R(A, 90°) bien cic 
duong thing AD va AE theo thdr 
to thanh c£c diidng thing AB 
va AF ma AD = AB nen ta co: 

AE = AF (Hinh 123) 

=> AAEF vuong can tai A. 

EF AEV2 AI 


=> AI = 


AE 


V2 

2 


Chung ta co the xem AAEF dong 
dang vdi chinh no. 



Ta c6: < 


AI = ~AE 
(AE; Af) = 45° 


Ta suy ra I li anh cua E trong phip dong dang Si 


A; —; 4»° 

V2 


co 


tarn d6ng dang li diem A, ti so dong dang k = , gdc dtong 

z 

dang 0 = 45°. 

Khi E chay tren dudng thing CD thi I chay tren anh cua lufcfng 

( jk D 

thing CD cho bdi phep dong dang Si A; 45" 


V 


Khi E s D thi F = B => I = O, O la tarn cua hinh vuong ABCD. 
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Khi E C thi 1 H 

Suv ra I chav tren dUong thong OB <’hu v rang during thAng OB 
di qua D. 

Do do tap hop (T) cat- diem i la duang thong BD. 

90. Dung tam giac ABO vuong can tai A sao cho A va B nAm tren hai 
dacmg thAng song song 1) va I), cho trade; C cho trade. 

Huang dan: Co the gia su tang (AB; AC) > ). 

Suy ra: (CA; CB) = ?. CB =? CA. 

De y phep dong dang S(C; v '2 ; 45") > 0 

Gi di 


Gia sd ta da dong daoc tam giac ABC vuong can tai A (Hinh 124) 


BAC - 90 l! 

AB •■= AC 
Co the gia suf 

(CA; CB) = 45° 

((CA; CB) 45 
Ta co: ( 

iCB = CAx/2 



Suy ra B la anh cua A trong phep dong dang Si(C; v2 ; 45°). 

Goi D’) la anh cua D, cho bch phep dong dang Si(C; V2 ; 45°). 

Ta suy ra D’i di qua B (Hinh 124). 

Do d6 ta co each dung aABC nhu sau: 

+ Dung D’i 1A anh cua I), cho hdi phep dong dang Si(C; n/2 ; 45°), 
D’i cAt D 2 tai B 


Dung phep dong dang SBC; 


s/2 


45 hien diem B thanh 


diem A, di nhien A <= D,. 

AABC la tam giac phai dung 
That vav: 

• • V 

Ta co: (CA; CB) = 45°; (D\; D 2 ) = 45° + k,180 u . 


Ill 



=* BAC = 45° 


Ta lai co: CA = 


CB\[2 

2 


Do d6 AABC vuong can tai A. 

+ Ta ludn luon dtfng dtfpc hai tam giac thoa yeu cau cua b;di toan. 

91. Cho hai dtfdng trdn (I; R) vd (I’; R’). Lay diem M thupc dtfdng iron 
(I) vd diem M’ thupc dtfdng trdn (I’) sao cho: 

(IM; rSf) = 9 [360°] 

9 l^i mpt g6c cho tn/dc. 

1. Xdc dinh tam dong dang 0 bien dtfdng tron (I) thanh dt/cfng tnn (I’). 

2. Goi K la giao diem ciia cac difdng th.\ng IM va I’M’. 

Chufng minh rSng dtfdng tron (a) ngoai tiep AKMM’ luon bon di 
qua mot diem co dinh. 

Giai 


1. Xem bai 74. 

2. Dtfdng trdn (I’; R’) Id anh cua dtfdng tron (I; R) cho bd phep 
dong dang 


Si 


° ; f : e 


'j 

j 


Ta lai cd: • M’ e (I’), M t (I) 

• I’ Id anh cua I 

• (I’M'; IM) = 8 [360°] 



Do d6 dtfdng trdn (a) di qua O 
Hoc sinh ttf ve hinh. 

92. Trong mdt phdng (Oxy) lay hai did’m A vd M thupc true (x, hai 
diem B vd N thude true Oy; A vd B cd dinh, M vd N di dong sto <cho: 

AM = kBN 


k la mpt so thife dtfpng cho trifdc. 

1. Xac dinh phep dong dang bien AM thanh BN . 

2. Chufng minh dtfdng trdn (a) ngoai tiep AOMN di qua mipi diiem 
cd dinh khde O. 

Huong d&n: Xem bai 88. Hoc sinh ttf giai. 
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93. Oho tain gidc ABC (AB: AC) > 0, co cac trung tuyen AM, BN, CP. 

V4 phia ngoai tam giac AB(difng cAc lam giAc vuong can DBC, 
EGA, FAB c6 ddy thoo thOf tii la cac canh BC, CA, AB cua tam 
giac ABC. 


1. Tim anh cua vecto ME trong tich cua cAc phAp d6ng dang 


I ,9 

T~» v “ 


Si(C; d2 ; 45°) va Si B; 45 . 


2. Chiifng to r&ng cac di/dng thang AD, BE, CF d6ng qui. 

Huang ddn: 

1. NhAc lai rang tich so cua ha: phep dong dang Sid; k x ; 0D va 
Si(J; k 2 ; 0 2 ) la phep dong dang SCO; ki + k 2 , 0 ; + 0 2 ). 

2. Chiifng minh AD, BE. CF la 3 dufing cao cua ADEF. 

Giai 

Trong phep dong dang Si(C;C2 ; 45°), anh cua vector ME la vecto 
DA. 

A 

i __ 

45 w , anh cua vecto DA la 

/ 

vecto MF. 

Do d6 tich s6 cua cac phep dong dang Si(C; J2 ; 45°) x 

( fn, \ _ 

Si B; 45° da bien vecto ME thanh vecto MF (Hinh 125). 
z 

V / 

Ta suy ra tich s6' cua hai phep dong dang da cho la phAp dong 
dang SUM; k; 0) vdi: 

k = kik 2 = 42 . ~ =1 

0 = 45° + 45° = 90° 

ME -SUM r me . 

hay phep d6ng dang tich tren chinh la phAp quay RiM; 90°) tfim 
M, c6 goc quay 0 = 90° 

Suy ra: ME = MF; ME 1 MF 


Trong phAp phep dong dang Si B; 
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2. Hoc sinh tu giai 



94 . V4 phia ngoAi tarn giAc ABC. (AB; AC) > 0, dung cAc tam giac 
deu A’BC, B’CA, C’AB c 6 trong tAm theo thur tu 1A G^, G 2 , G 3 . 

1 . Tim anh cua vecto G,G 2 trong tich cua cac phep dAng dang 

30°!. 


( fo 

Si(C; ^ ; 30°) vA Si B; 


2. XAc dinh tinh chat cua tarn giac G 1 G 2 G 3 . 

Giai 

Trong phep dAng dang Si(C; J3 ; 30°), vecto G S G 2 co anh la 
vecto A’A (Vi sao?). 

f fa \ _____ 

Trong phep dong dang Si B; —; 30° , vecto A A c 6 anh la 


vecto G t G 3 . 

Do d6 trong phAp dAng 

dang tich, vecto G,G 3 la 

. . 

Anh cua vecto G,G a 
(Hinh 126). 

Ta suy ra tich cua hai 
ph£p d 6 ng dang trAn 
chinh 1 A phAp quay ft 

(G i: 60°). 



2. Tinh chat cua AGiG 2 G 3 : Hoc sinh tu giAi. Hinh 126 
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BfllTflPTRflC NGHIEM 


1. Trong m£t ph&ng (Oxy), cho v = (a: b> va diem M(x; y). 

X£c dinh diem M’(x’; y), anh cua diem M trong phep tinh tien v). 


A.Q 

C □ 


x = x + a 

y' = y -b 

[ x' = x - a 

y' = y - b 


D. □ 


! x' = x - a 


y' = y + b 

x' = x + a 
y' - y + b 


2. Trong mkt phkng (Oxy), phep bien hinh f bien M(x; y) thknh diem 

f x ' = x + 1 

M’(x’; y’) thoa: ( , 

[y =y -2 

H 6 i f lk phep ddi hinh nao? 

Dap so 

A. | 1 f 16 mpt phep tinh tien theo v = (- 1 ; 2). 

B □ f lk mQt phep vi tii tam I(-l; 2 ) co ti so k = 1 . 

C. Q f lk m 0 t phep tinh tien theo v = ( 1 ; - 2 ). 

D. □ f lk m 0 t phep vi tii tam 1(1; 2) co ti so k = 1 . 

3. Trong mkt ph^ng (Oxy), cho v = (3; 1 ) vk diem A( 1; 2). 

Goi A’(x; y) lk anh cua diem A cho bdi phep tinh tikn 'g'(v). Hay 
xac dinh diem A’. 

Dap so 


A. □ A’(2; -1) 


b □ a ' i ;; 


C. M A’(4; 3) 


D-D A’ 1; 


4 . Trong mkt phkng (Oxy), cho v = (-4; -2) va diem B(-2; -3) lk anh 
cua dik’m A(x; y) trong phep tinh tien v). Hay xac dinh diem A. 

Dap so 

A. )□ A(2; -1) B. □ (-2; 1 > 


C.QaI-3;- 


D. Ckc dap so tren deu sai. 
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5 . Trong mat phAng (Oxy), cho hai diem A vi B vbi A(l; 3), B(2; 5). 

HSy tim toa dp cua vecta v sao cho B 1A Anh cua A cho bdi phep 
tinh tidn ?"(v). 


A. □ v * (-1; -2) 


Dap s6' 

B. □ v 


;4 




D. Q MQt v khAc. 


6 . Trong mat phAng (Oxy), cho ba diem A(l; 2), B(2; 3), C(4; 1). 
Hay xAc djnh didm D(x; y) sao cho: 

1. Tuf giac ABCD 1A mpt hinh binh hanh. 

2. Tuf giAc ADBC 1A mot hinh binh hAnh. 


Dap s6' 

1) A.nD(3;-l) B. □ D(3; 0) 

C. n D(3; 1) D. Q CAc dAp so trdn ddu sai. 

2) A. □ D(l; -4) B. □ EH 1; 4) 

C. □ D(-l; 4) D. □ MOt didm D khdc. 

7. Trong mat phAng (Oxy), cho dudng trdn (O; R) vA dtfdng trdn 
(O’; R). Bifang trdn (O’; R) 1A Anh cua dudng trdn (O; R) trong phdp 
tinh tien v) neu ta cd: 

A.nv = 0^0 B. □ v = 2 OO’ 


c.n 


OO' 


D. n CAc dAp sd' trdn deu sai. 


8. Trong m£t phAng (Oxy), cho hai dilm: A( 1; 3), B(4; 3). 

Dung hinh vudng ABCD. Bid't rAng y c < ys, hay xAc dinh hai didm 
C vA D. 


DAp so 

A. □ C(4; 0), D(2; 0) B. □ C(0; 4), D(l; 0) 

C. □ C(4; 0), D(l; 0) D. □ C(0; 4), D(0; 1) 

9. Trong mat phAng (Oxy), cho v = (a; b) vA mpt sd thifc m * 0. 

Phdp tinh tien ‘Stmv ) bid'n didm M(x; y) thAnh didm M’(x’; y’) thoa 
hp thufc nAo? 
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Dap so 


a-D 

c.D 


x = x 4- ma 
y' = y - mb 

x' = x + ma 
y' = y + mb 


□ x = x - rrua 
|y'= y + nub 

i). □ i x ' = x ■ ma 

^ y' = y - mb 


10. Trong mat phing (Oxy), cho hai diem M(x; y) va M’(x’; y’) c6 cac 
toa do thoa: 

f x' = x cos a - y sin a + a 

|y’ = x sin a + y cos a 4, vdi 0 < a < 2n 

Cho phep bien hinh f bien diem M thanh diem M\ 

Hay xac dinh a de fla mot phep tinh tien. 

Dap so 


A. □ a = - 
6 


B. [I 


C.Qa = 0 D. □« = 

11. Trong mat phing (Oxy), cho dtfdng thing D: y = 3x. 

Xac dinh tri so cua tham so m de phep tinh ti&n % (v) vdri 
v = (m 2 + 2m + 3; 4m 2 + m + 3) bien di/crng thing D thanh chinh n6. 

Dap so 

A. Q m = -lvm = -6 B. | j in = 1 v m a 6 

C. Q m = -l vm = 6 D. | j m = 1 v m = -6. 

12. Trong mat phing (Oxy), phip tinh tien theo vector v = (m + 1; m) 
biin dirtfng thing D: 2x + y - 4 = 0 thanh chinK n6. 

Hay xic dinh gii tri ciia m. 

Ddp so 

A. Q m = -1 B. | | m = 0 

c.D m = 1 D. Q M6t tri si khic. 

13. Trong mat phing (Oxy), phep tinh tiin ‘ST a) theo vector 
a = (m 2 - m - 3; m - 1) bien ditong thing D: mx - 2y + 1 = 0 
thanh chinh n6. 

Hay xac dinh m. 
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Dap s6' 


A. I 1 m = 0 v m = 2 

B. | j m = -1 v m = 2 

C. | 1 m = -1 v m = 0 

D. Q CAc cAu trA ldi trAn dlu sai. 

14. Trong mAt phAng (Oxy), cho v = (1; 2). Cho phAp tinh ti£n •$( v). 

1 ) Tim Anh D’ cua dtfcrng thftng D: x + y - 2 = 0. 

2) Tim Anh <C’) cua dirfmg trim (C) 

x 2 + y 2 - 4x + 4y - 1 = 0. 

Dap s6 

1) A. | 1 D’: x + y + 5 = 0 

B. □ D’: x - y + 5 * 0 

C. □ D’: x + y - 5 = 0 

D. □ D’: x - y - 5 = 0. 

2) A. □ (C’): x 2 + y 2 - 9 = 0 

B. □ (C’): x 2 + y 2 - 6 x = 0 

C. □ (C’): x 2 + y 2 - 6 y = 0 

D. Q MOt dAp s 6 khAc. 

15. Trong mAt phAng (Oxy), cho hai difirng tr 6 n: 

(a): x 2 + y 2 - 2x - 4y - 4 = 0 
(p): x 2 + y 2 - 6 x - 4y + 4 = 0. 

PhAp tinh ti£n 'g'(v) biS'n (a) thAnh (p), bi£n di£m A(4; DthAnh 
di&n A’. Hfiy xAc dinh A’. 

DAp so 

' A. □ A’( 6 ; 3) B. □ A’( 6 ; 2) 

C. □ A’( 6 ; 1) D. □ A’( 6 ; 0). 

16. Cho hai difdng trim (I) vA (F) tuong tfng nhau trong phAp tjih ti£n 
^"(v). MOt duOng thAng D di qua mOt giao di£m cua (I) »A (F), 
song song vdi giA cua v, cAt (I) vA (F) theo thuf ttf tai A(-l; -1) vA 
B(3; -3). 

Tim cAc toa dO cua v. 
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Dap s6' 

A. Qv=(l; -2) B. □ V = (2; -4) 

C- □ v = (2;-1) D. □ v = (-2; 1). 

17. Trong mat phing (Oxy), cho vecto v c 6 gia song song vdi difdng 
thing D: x + y + 6 = 0. 

Ph 6 p tinh tien v) bien dtfdmg thing A: 2x - y + 3 = 0 thanh 
dtfdng thing A’: 2x - y - 3 = 0. Hay tim cic toa dO cua v. 

D6p s6' 

A.[Jv=(2;2) B. [] v = (-2;-2) 

C. □ v = (-2; 2) D. Q M6t dap so khac. 

18. Trong mat phing (Oxy), cho di£m A(l; -2). 

1 ) Tim anh A’ cua A trong phep dci xufng S(O) qua tam O. 

2) Tim anh A” cua A trong phep doi xufng S(I) qua tam 1(2; 1). 


1) A. □ A’(l; 1) 

C. □ A’ (-1; 2) 

2) A. □ A"(-3; 4) 
C. □ A”(4; 3) 


Ddp so 

B. □ A’(l; 2 ) 

D. □ A’(-l; -2) 
B. □ A”(3; -4) 
D. [] A”(3; 4). 


19. Trong mat phing (Oxy), cho dilm A(-l; -2). 

1) Tim anh B cua A trong ph 6 p dtfi xufng S(Ox) qua true hoanh Ox. 

2) Tim anh C cua A trong ph£p d 6 'i xufng S(Oy) qua true tung Oy. 

Ddp so 

1) A. □ B(— 1 ; 2) B.nB(l;-2) 

C. □ ( 1 ; 2 ) D. □ MOt diim khac. 

2) A. □ C(—1; 2) B. □ C(l; -2) 

C. □ C( 1; 2) D. □ M$t di&n khac. 

20 . Trong mfit phing (Oxy), cho di£m A(l;2). 


1i) Tim anh P cua A trong ph£p dS'i xufng S(D) qua dtfdng thing 
D: y = x. 

2) Tim anh Q cua A trong phdp doi xufng S(A) qua dtfdng thing 
A: y = -x. 
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1) A. DPd; 1) 
C. □ P(2; V 

2) A. □ Q(-2; 1) 
C. □ Q(l; -2) 


Dap sd' 

B. □ P(2; 2) 

D. □ P(—1; -2). 

B. □ Q(-2; -1) 

D. Q M$t diem khac. 


21. Tiong mat ph&ng (Oxy), cho diem M(-2; 9) vA dtfong thing 
D: 2x - 3y + 18 = 0. 

1) XAc dinh di&n H, hinh chiAu vudng g6c cua diem M trdn dif&ng 
thing D. 


2) XAc dinh dilm M’(x’; /) Anh cua dilm M trong phdp d6i xtfng 
S(D) qua true D. 


Dap so 

1) A; □ H(0; 6) B. □ H(6; 0) 

C. □ H(2; -9) D. □ H(6; 6). 

2) A. □ M’(3; 3) B. □ M*(2; # 2) 

C. □ M’(3; 2) D. □ M’(2; 3). 

22. Trong mat phing (Oxy), cho dudng thing D: x - y - 1 * 0. 
Goi D’ la Anh cua D cho bdi phAp ddi xdng S(0) t&m O. 
Hdy viet phtfemg trinh tong quit cua D\ 


Ddp sd' 

A. □ U: x - y + 1 = 0 B. □ D*: x + y - 1 = 0 

C. niy:x + y + l = 0 D. C] CAc ddp s 6 trfen diu sai. 

23. Trong m$t phing (Oxy), cho dufrng thing (d): 17x + 7y + 37 = 0. 

Tim Anh (d*) eda (d) trong ph6p dd'i xufng S(I) tAm 1^-1; - . 

Dap s6 

A. □ (d’): 17x + 7y - 37 = 0 B. □ (d’): 17x - 7y + 37 = 0 

C. □ (d*): 17x - 7y - 37 = 0 D. □ (d’): 17x + 7 y + 37 = 0. 

24. Trong mat phing (Oxy), cho ditfmg thing D:x + y- 1 = 0 vA diem 
A(2; 2). Goi D 1 14 anh cua D cho bdi ph6p ddi xufng S(Aj) tam A. 

Hdy tlm phifong trinh cua D'. 



Dap so 

A. □ D’: x + y + 7 = 0 B Qj O’: x + y - 7 = 0 

C. □ D’: x - y + 7 = 0 I) □ O’: x - y - 7 = 0. 

25. Trong mat phing (Oxy), cho dudng thing I): x + y - 1 = 0. 

1) Goi D’ la anh cua I) cho bdi phep doi xufng S(Ox) qua true 
hoanh. Hay viet phuang trinh tong quat cua D’. 

2) Goi D” la anh cua D cho hoi phep doi xufng S(Oy) qua true tung. 
Hay vie't phuang trinh tong quat cua D”. 

Dap so 

1 ) A. □ D’: x - y - 1 =0 B. □ D’: x - y + 1 = 0 

C. Q D’: x + y + 1 = 0 D. Q Mot dap so khac. 

2) A. □ D”. x - y + 1 - C B. □ D”: x - y - 1 - 0 

C. Q D”: x + y + 1 = 0 D.Q Mot dap so khac. 

26. Trong mat phang (Oxy), cho du’dng thang D: x + y - 1 = 0. 

Viet phuang trinh ting quat cua dudng thang D’, anh cua dudng 
thing D trong phep doi xufng S(A) qua true A: x + y - 2 = 0. 

Dap s6 

A.[]D’:x + y + l:0 B. [ 1 D’: x + y + 2 = 0 

C. □ D’: x - y - 2 = 0 D. Q Cac dap si tren diu sai. 

27 . Trong mat phing (Oxy), cho dudng thing L: x - y - 1 = 0 . 

Viit phuang trinh ting quat cua dudng thing L’, anh cua dudng 
thing L trong phdp doi xufng S(A) qua dudng thing A:x + y- l= 0 

Dap so 

A. □ L’: x - y + 1 = 0 B. □ L’: x + y + 1 = 0 

C. □ L’ a A D. □ L’ a L. 

26. 'Trong m£t phing (Oxy), cho dudng thing L: x - y - 1 = 0. 

Vid't phuang trinh ting quat cua dudng thing (T), anh cua dudng 
tthing L trong phep dii xumg S(a) qua dudng thing (a): x - 2y - 1 = 0. 

Dap so 

B. □ (T): 3x - 8 y + 3 = 0 
D. □ (T): 3x + 8 y - 3 = 0. 


A. □ (T): x - 7y - 1 = 0 
C. □ (T): 3x + 8 y + 3 = 0 
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29. Trong mat phing (Oxy), cho hai duflrng thing: 

A t : x - y - 1 = 0 
A 2 : x - y 3 = 0 

1) XAc dinh phdp doi xufng S(I) tam I bid'n difdng thing Aj thinh 
dirdng thing A 2 . 

2) Xdc d|nh phdp dtfi xufng S(A) true A bid'n Aj thdnh A 2 . 

Dap s6' 

1) A. □ 1(0; 2) B. □ 1(0; -1) 

C. Q 1(0; 1) D. []] C6c dap s 6 trdn dim sai. 

2) A. A: x - y - 2 = 0 B.| |A:x-y-l=0> 

C.[]A:x-y + l= 0 D. Q A: x - y = 0. 

30. Trong mat phing (Oxy), cho ba diim A(l; 2), B(S; 8), C(4; 6). Xdc 
dinh ede true ddi xufng Dj vd D 2 cua hai datmg thi ig AB vd AC. 

a nl Di:x_y " 1 = 0 

[D 2 : x + y - 3 = 0 
[D 2 : x + y + 3 = 0 

31. Trong mat phing (Oxy), cho ditfmg tr6n (a): x 2 + y 2 - 4x - 4y - 1 = 0. 

1) Vii't phtfang trinh chinh tic cua difdng trdn (p), anh cua ditfmg 
trdn (a) trong phdp d6i xufng S(I) tdm 1(2; 2). 

2) Vi£t phtfang trinh chinh tic cua dtftng tr6n (y), dnh cua ditfmg 
trdn (a) trong phdp d6‘i xufng S(0) tdm O. 

D6p s6 

1) A. □ O): - 2) 2 + (x + 2) 2 = 9 

B. □ (P): (x + 2) 2 + (x - 2) 2 = 9 

C. □ (P): (x + 2) 2 + (x 4 2) 2 = 9 

D. □ (p): (x - 2f + (x - 2f = 9. 

2) A. Q (y): (x + 2) 2 + (x + 2) 2 = 9 

B. □ (x + 2) z + (x - 2) 2 = 9 

C. □ (x - 2) 2 + (x + 2) 2 = 9 

D. □ (x - 2) 2 + (x - 2) 2 = 9. 


Ddp sti 


b.d 


| D, : x y - 1 = 0 
1d 2 : x + y - p = 0 


D. Q Cic ddp so trdn ddiu sai. 
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32. Trong mat phSng (Oxy), cho dubng trbn (C): x 2 + y 2 - 4x + 4y - 1 = 0. 

Viet phucrng trinh chinh t&c ctia dubng tron (C’), anh cua dubng 
trbn (C) trong phbp doi xumg'S(A) tarn A(l; -1). 

Dap so 

A El (C’): (x - l) 2 + (y- l) 2 = 9 

B. □ (C’): (x + l) 2 + (y + l) 2 = 9 

C. □«:’): x 2 + (y - 1 ) 2 = 9 

D. □ (C’): x 2 + y 2 = 9 

33. Trong mat ph&ng (Oxy), cho dubng trbn (M): x 2 + y 2 - 2x - 2y - 2 = 0. 

1. Viet phircrng trinh chinh tSc cua dubng trbn (Mi) anh cua dubng 
trbn (M) trong phbp doi xufng S(Ox) qua true hoanh Ox. 

2. Viet phuemg trinh chinh t4c cua dubng trbn (M 2 ) anh cua dubng 
trbn (M) trong phep doi xufng S(Oy) qua true tung Oy. 

Dap sd’ 

1. A. Q (Mi): x 2 + y 2 = 4 

B. □(M,): (x + l) 2 + (y + l) 2 = 4 

C. □(M,): (x- 1 ) 2 + (y + l) 2 = 4 

D. EH (Mi): < x + i) 2 + (y - l) 2 = 4. 

2. A. Q (M 2 ): x 2 + y 2 = 4 

B. [~] (M 2 ): (x + l) 2 + (y + l) 2 = 4 

C. □ (M 2 ): (x + 1 ) 2 + (y - l) 2 = 4 

D. □ Dap s6 khde. 

34. Trong mat phang (Oxy), cho dubng trbn (a): x 2 + y 2 - 2x - 4y + 1 = 0. 
11. Viet phircrng trinh tong quat cua dubng trbn (P), anh cua dubng 

trbn (a) trong phbp dbi xufng S(A) qua true A: y = x. 

2. Vi£t phuong trinh tb’ng quat cua dubng trbn (y), anh cua dubng 
trbn (a) trong phbp doi xufng S(A’) qua true A’: y = -x. 

Ddp s6 

U. A. Q (p): x 2 + y 2 + 2x + 4y + 1 = 0 

B. □ (P>: x 2 + y 2 + 2x - 4y + 1 = 0 

C. □ (P): x 2 + y 2 - 4x - 2y + 1 = 0 

D. □ (P): x 2 + y 2 + 4x - 2y + 1 = 0. 
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2. A. (y): x 2 + y 2 + 4x + 2y + 1 = 0 

B. Q (y):x 2 + y 2 -4x-2y+l=0 

C. □ (y):x 2 + y 2 -4x + 2y+l=0 

D. □ (y):x 2 + y 2 + 2x + 4y + 1 = 0. 

35. Trong mat phdng (Oxy), cho difdng trdn (M): 

x 2 + y 2 + 4x - 18y + 4 = 0. 

Viet phifong trinh chinh tdc cua difdng tr6n (M’), anh cua difdng 
trdn (M) trong phdp doi xting S(A) qua true A: 3x + 2y - 12 = 0 

Ddp so 

A. □ (M’)r x 2 + y 2 + 4x - 8y - 16 = 0 

B. Q (M’): x 2 + y 2 - 4x + 8y - 16 = 0 

C. □ (M’): x 2 + y 3 + 4x + 6y - 23 = 0 

D. □ (M’): x 2 + y 2 - 4x - 6y - 23 = 0. 

36. Trong mat ph&ng (Oxy), cho hai ho difdng cong: 

(a m ): x 2 + y 2 - 4x - 2y - 2m -4 = 0 
(Pm): x 2 + y 2 - 4x - 4y + 2m - 5 = 0. 

1. Vdi tri s 6 ndo cua m thi (c^) vd (Pm) la hai difdng trdn bkng nhau? 

2. Trong tnfdng hop dd, hay xdc dinh tfim ddi xdng I cua chung. 

Ddp so 

1. A. | | m = 0 B. I 1 m = 2 

C. f~1 m = 4 D. | | MOt tri s& khde. 

*• A. □ l(4|) B. □ 1(2; 1) 

C.[]l|-2,-|j D. □ MOt dilm khllc. 

37. Trong m$t ph&ng (Oxy), cho hai ho difdng cong: 

(cim): x 2 + y 2 + 4x - 4y - m 2 = 0 
(p m ): x 2 + y 2 - 4x + 4y - m 2 = 0. 

1. Vdi tri s6 ndo cua m thi (dm) vd (Pm) Id hai difdng trdn bang nhau. 

2. Xdc dinh true dd'i xilng A cua hai difdng trdn do. 

Bdp so 
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X. 


1. A. Q] m = 0 B. ( j m = 1 

C. Qm e R D. □ m ft 0. 

2. A. | |A:x + y-l=0 B. j j \: x - y 

C • □ A: y = 0 I) [j V. y = - 

38. Trong mat ph&ng (Oxy), eho diem A(2; 1). Hay xdc dinh diem 
A’(x; y), anh cua diem A trong phep vi tu HtO; k) tam 0. 

1. Cd ti so k = 2. 

2. C*6 ti so k = -2. 


1. A. □ A’(4; 2) 

C. □ A’(4; -2) 

2. A. □ A’(4; 2) 

C. □ A’(-4; -2) 


Dap so 

B. □ A’(2; 4) 

D. □ A’(-4; -2). 
B, □ A'(2; 4) 

D. □ A’(4; -2). 


39. Trong mat phSng (Oxy), cho hai diem 1(2; 1) va A(4; 2). 

Hay xdc dinh diem A’(x; y), anh cua diem A trong phdp vi tu 
H(I; k) tam I. 

1[. Cd ti so k = 2 . 


2. Co ti so k = —. 

2 


a. A.. □ A’( 6 ; 4) 

C □ A’( 6 ; 2) 

2:. A. □ 

C □ A’(-l; -2) 


Dap so 

B. □ A’( 6 ; 3) 

D. □ A’( 6 ; 1) 

b.Da'IiA' 

V 

D. □ A’(-2; -1). 


40 . Tro»ng mat ph&ng (Oxy), cho A(-2; 0) va B(2; 0); M(x; y) la m$t 
diem di dong tr§n dirdng tron (O; 2); M’(x’; y’) la di£m d 6 i xufng 
cua A qua M. 


1. Tinh x\ y' theo x, y. 

2:. Tun tap hop (T) cac diem M’. 
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Ddp so 



x' = 2(x + 1) 
y=2y 


c.D 


| x' = 2x 
[y' = 2(y + 1) 


b.d 

d.d 


x' = 2(x - 1) 
y =2y 
x' = 2x 
y' = 2(y - 1) 


2. A. Q (T) 16 dudng thing y = x - 2. 

(T) 16 dudng thing y = x + 2. 

(T) 16 dudng tr6n tam A, b6n kinh R = 4. 

T 16 dudng tr6n t6m B, b6n kinh R = 4. 

41. Trong mat phing (Oxy), cho dudng tr6n (a) tam P, b6n kinh 
R = 1, tidp xuc vdi true tung tai O, c6 dudng kinh AB song song 



vdi true tung. 

Goi (p) 16 dudng trdn tfim Q di dOng tidp xuc vdi doan AB f I v6 
cung AOB cua dudng tr6n (a) d J. 

Dudng thing IJ di qua didm co dinh K. H6y xac dinh K. 


Ddp s6 ’ 

” K(-l; 0) 

K(2; 0). 

42. Trong mat phang (Oxy), cho ba didm A(l; 0); B(0; 2a); A’v-l; 0) 

/ jN 

vdi a e O,- . M(b; 0) 16 m$t didm di d0ng trdn tryc Ox. 

\ 2 y 


A. 


K(l; 0) 

B. 


C. 


O 

<N 

1 

2 

D. 



Durdng thing qua M v6 song song vdi A’B cit AB d C; iudng 
thing qua M v6 song song vdi AB cit A’B d D. 

1. Trong phdp vi to Hi t6m A bidn didm A’ th6nh didm M, tin toa 
dO anh Bi cua didm B. 

2. Trong phdp vi tt/ H 2 t6m A’ bidn didm A thanh didm M, tin toa 
dO anh B? cua didm B. 


1. A. □ B, 



b -1 
2 


(y = a(l -b) 


Ddp s6 


b.Db, 



b +• 1 

_____ 

= a(l -bJ 


c.DbJ 


x = a(l - b) 


y = 


b +1 

~ 2 ~ 


1 (3J MOt didm kh6c. 
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2. A. □ B 2 



b + 1 
2 

alb + 1) 


B. □ B 2 


f b-1 
i x = ~ 

y = a(b + 1) 


C. 


; x = alb + 

□ bJ b -i 


y = 



it 


D. Q Mot diem kh&c. 


43. Trong mat phang (Oxy), cho hai durcmg tron: 

(a); x 2 + y 2 - 2x - 3 = 0 
((3): x 2 + y 2 - 14x + 48 = 0. 

1. Goi I la tam cua phep vi tif thuain bien difdng tr6n (a) thanh 
dudng tr6n (0). Hay xac dinh I. 

2. Goi J la tam cua phep vi tii nghich bien dirtmg tr6n (a) th4nh 
difcrng tron (p). Hay xac dinh J. 


Dap so 


1. A. 

. . 

1(9; 0) 

B 


1(11; 0) 

C 

..— 

1(13; 0) 

D. 


Mot diem khdc. 

2. A. 


J(4; 0) 

B. 

3 

J(5; 0) 

C. 


J(6; 0) 

D 


M6t diem khac. 


44. Trong mat ph^ng (Oxy), ph£p quay R(I;0) bien diem M(x; y) thanh 
diem M’(x’; y’). 

1. Xac dinh M’. 

2. Xac dinh M’ trong trtfdng hop tam quay I trung vdfi di£m g6'c toa 
dd O. 

D6p so 



x' = x, +(x~ x,)cos0-(y -y,)sin0 
y ’ = y, + (x - Xj)sin 0 + (y - .y, )cos0 


B □ 
C- □ 
D-D 


fx' = x, ~(x - x,)cos0 -(y - y,)sin 0 
[y ’ = y, - (x - Xj)sin0 + (y - y, )cos0 

x’ = x ( + (x - Xj) cos 0 -i- (y - y,)sin 0 

< 

y ’ = y, 4 (x - x,)sin 0 - (y - y, )cos0 
fx' = X, 4 x 

[y ’ = yi + y 
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2 . a.d 

b.d 

c-D 

d.Q 


x' = x cos 0 - y sin 0 
y' = x sin 0 + y cos 0 

x' = x cos 0 + y sin 0 
y' = x sin 0 + y cos 0 

x' = x sin 0 - y cos 0 
y' = x cos 0 - y sin 0 

x' = x cos 0 
y ' - y sin 0 


45. Trong m$t phing (Oxy), cho dilm A( 1; 1). 

1. Xdc dinh diem Aj, anh cua di£m A trong ph4p quay R fO, 


t&m O, g6c quay 0 = - . 

( ic N 

2. X&c dinh diem A 2 , anh cua diem A trong ph6p quay R I;— tarn 

l 3, 


1(0; 1), g6c quay 0 * 

1. A. □ Ai(-i; 1) 

C.QAi (1; -1) 

2. A.DA 2 fl;i-^' 

12 2 y 

c n a, f 1 -! + ^ 

C - UA2 2- 1 + T , 


Dap so 

B. □ Aj(-1; -1) 

D. Q MQt di£m khdc. 


2 2 




46. Trong mfit ph&ng (Oxy), ph6p bi£n hinh f bi£n di£m M(x;: y) 
th&nh di£m M’(x’; y’) xdc dinh nhtf sau: 

f xv3 y 


x yV3 
y = — + -- 

12 2 

H6i f la phdp bien hinh n&o? 
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A. Q f la phep quay R O 

\ 

B. Q f la phbp quay R O; 

\ 

C. Q f la phep quay R ! O; 


Dap so 


6 


6 


n 

3 ) 


D. 1 | f la phep quay R O; - ^ j, 

3 / 


n 


47. Hoi phep quay Rj O; — | bien dating th^ng D: y 

2 


x thanh dirtrng 


thing D’ nao? 

A. I I D’: y = -x - 1 
C. □ D’: y = x 


Dap so 


B. □ D’: y = -x + 1 
D. □ D’: y = -x. 


( 71 i ' •> 

48- Hoi ph6p quay R I; - ' vdi 1(1; 0) bien ducrng th&ng A:x + y- l = 0 

2 j 


Dap so 


th&nh dufrng thing 

A’ nao? 

A. I | A’: x - 

- y - l 

= 0 

B.O:x- 

- y + l 

= 0 

C. □ A’: x - 

-y-2 

= 0 

ID. □ A’: x - 

- y + 2 

= 0. 


49- Phdp quay R 0;-l bi£n doi dudng thing D:x-y-l=0 th&nh 

v 2 J 


dtfdmg thing D’ n&o? 

A. Q D’: x + y + 1 = 0 

B. □ D’: x + y - 1 = 0 

€. □ D’; x + y + 2 = 0 

ID. □ D’: x + y - 2 = 0. 


Dap so 
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vdi 1(0; 6) bi£n diibng thing A: 2x - 3y + 18 = 0 


50. Phep quay R I; ^ 

v 2 

thanh duimg thing A’ n&o? 

D6p so 

A. □ A’: 3x + 2y - 12 = 0 

B. □ A’: 3x + 2y - 18 = 0 

C. □ A’: 3x + 2y + 12 = 0 

D. [[[] M$t dudrng thing khic. 

51. Trong mit phing (Oxy), cho dudng tr6n (C); x 2 + y 2 - 2x - 2y * 0. 
Vi£t phifcmg trinh tong quit dudng tr6n (C'J, anh cua dtfcJng trim 

(C) trong phip quay R| O,-]. 

>. 4 ) 

Dap so 

A. □ (C’): x 2 + y 2 - 2 = 0 

B. □ (C*): x 2 + y 2 -2\/2x = 0 

C. □(C’):x 2 + y 2 -2V2x-2 N /y -0 

D. □ (C'): x 2 + y 2 -2V2y = 0. 

52. Trong mit phing (Oxy>, cho ducmg trdn (C); x 2 + y 2 - 2x + y - 1 = 0 
Vi£t phucmg trinh ting quit cua dudng trdn (C’) anh cua dudng 

trdn (C) trong phip quay Rj^I;- j vdi 1(1; 0). 

Ddp so 

A. □ (C’): x 2 + y 2 - 3y = 0 

B. □ (C’): x 2 + y 2 - 3x = 0 

C. □ (C’): x 2 + y 2 - 3x - 3y = 0 

D. Q MOt dudng trdn khic. 

53. Trong mit phing (Oxy), cho dudng trdn (C); x 2 + v 2 - 4x +• 3 = 0. 
Hiy viet phucmg trinh t6ng quit cua dudng trdn (C’) ainh cua 

! 7t \ * 

dudng trdn (C) trong phep quay R| 0;~ 

V 2 j 

Dap so 
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A. □ (C’>: x* i- y 2 - 4y + 3 = 0 

B. □ (C’): x 2 , y 2 - 4x - 4y + 3 = 0 

C. □ (C’): x 2 4 y 2 - 4x = 0 

D. □(C’>: x 2 */ - 4y = 0. 

54. Trong mat ph^nc (Oxy), cho dirdng tr6n (C): x 2 + y 2 - 2x - 2y = 0. 
Viet phtfcmg trinh tdng qudt cua difdng trdn (C’) anh cua di/dng 

/ jg \ 

trdn (C) trong phi p quay R O; - — . 

2; 

Dap so 

A □ (C): x 2 + y 2 - 2x = 0 

B. □ (C’): x 2 + y 2 - 2y = 0 

C. □ (C’): x 2 + y 2 + 2x + 2y = 0‘ 

D. Q (C’): x 2 + y 2 - 2x + 2y = 0. 

55- Trong mat phang (O' y), cho dudng trdn (C): x 2 + y 2 - 4x + 4 = 0. 
Viet phuong trinh ti ng qudt cua dufdng trdn (C’) anh cua di/dng 

trdn (C) trong phdp q lay r["i; — j vdi 1(1; 1). 

Ddp sd' 

A. □ (C’): x 2 + y 2 + 4> + 2y + 4 = 0 

B. □ (C’): x 2 + y 2 + 2x + 4y + 4 = 0 

C. □ (C’)r x 2 + y 2 - 2x - 4y + 4 = 0 

D. □ (C’): x 2 + y 2 + 2x - 4y + 4 = 0. 

56. Trong mat phang (Oxy). ( ho dudng trdn (C): x 2 + y 2 - 4x - 2y + 4 = 0. 
Vidt phifong trinh td’nj! qudt cua difdng trdn (C’) anh ciia difdng 
trdn (C). 

/ ,\ 

1. Trong phdp quay R I; - . 

V L J 

2. Trong phdp quay Rf I; — vdi 1(1; 1). 

V 4 

Dap so 

1. A. □ <C’): x 2 + y 2 + (2 + -J2 )x + (2 + V2 )y + 2 + 2 72 =0 
B. □ (C’>: x 2 + y 2 - (2 + J2 )x - (2 + J2 )y + 2 + 2 v2 =0 
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C. |H] (C’): x 2 + y 2 - (2 + 72 )x + (2 + 72 )y + 2 + 2 72 = 0 

D. n M0t di/dng trbn khdc. 

2. A. □ (C’>: x 2 + y 2 - (2 + 72 be + — + 72 = 0 

2 

B. □ (C’>: x 2 + y 2 -(2+72)x-i-72=0 

2 

C. □ <C’): x 2 + y 2 + (2+72)x+^-^*0 

D. n M0t dudng tr6n khdc. 

57. Trong mat phang (Oxy). 

1. Phdp bid'll f bien diem M(x; y) thdnh diem M’(x*; y’) ;xdc dinh 
nhtf sau: 

x' = y 

V-x 

Hay xac dinh f. 

2. Phep bid'n hinh g bidh dilm M(x; y) thanh dilm M’(x’; y’> xdc 


dinh nhir sau: 


x’ = (x + y) 


75 

2 


y’ = (-x + y) 


72 

2 


Hay xdc dinh g. 




v 


1. A. Q] f la phdp quay R 
B. f la phdp quay R[ O, - 


C.Dfia phep vi ttf R 


75 i 


o. 


D. Q f Id phep vi ttf R 0; 


2 j 

72 

" 2 


132 



2. A. Q g la phep quay Rj 

0 H | 
’4 

B Q g la phep quay R 

0; - * ] 

C.Dgia phep quay H 

i 0;- ! 
l 2 J 

D. Q g la phep quay H 

0; - 

2 , 


58. Trong mat ph&ng (Oxy), cho diem Q(2; 2) la anh cua di<?m P trong 


Jl 


phep quay R O, — . Hay xac dinh P. 
'*16 


Dap so 


A. 

B. 

C. 

D. 


P(73 - 1; To + 1) 
P(-73 - 1; -73 + 1) 
P(-73 - 1; 73 +1) 
P(73 + 1; 73 - 1). 


59. Trong mat ph&ng (Oxy), cho V = (2; 1). Phep quay R 0,-1 bi@n 

v 2 ; 

V th&nh V Hay xdc dinh cac toa dp cua V 

A. □ V’ = (—1; 2) 

B. D V ’ = (—1; -2) 

C- □V’ = (l;-2) 

D-D V’ = (l;2) 

60. Trong mat ph&ng (Oxy), cho di&n A(2; 0). 

1. Xac dinh vi tri cua di^m A’, anh cua diem A trong ph6p d6ng 




dang Si [ 0;2;- 
v 2 


2. Xac dinh vi tri cua diem A”, anh cua diem A trong ph6p d6ng 
( -\ 
dang Si O; 2; 


V 


4J 


1 A. □A’(0;-2) 
C. □ A’(4; 0) 


Dap so 

B. □ A’(0; 4) 

D. □ A’(—4; 0). 
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2. A. □ A”(2 72 ; 2 72 ) 

B. □ A”(2 72 ; -2 72 ) 

C. □ A”(-2 72 ; 2 72 ) 

D. □ A”(-2 72 ;-2 v/2 ) 


61. Trong mftt phlng (Oxy), cho hai dilm 1(1; 1) vh A(3; 3). 

1. XAc dinh vi tri cua diem A’, &nh cua dilm A trong ph6p dong 


dang Si 



2. Xdc dinh vi tri cua dilm A”, anh cua dilm A trong ptaep ding 


dang Si 




1. A. □ A’(-3; -5) 

C. □ A’(3; -5) 

2. A. □ A”( 1 - 4 72 ; 1) 
C.nA”(l + 4^;l) 


Dap s6' 

B. □ A’(-3; 5) 

D. n M0t dilm kh£c. 
B.[]A”(1 +472;-l) 
D. Q M|t dilm khdc. 


62. Trong m$t phlng (Oxy) cho hai dilm 1(1; 1) v4 A(3; 1). 

1. X£c dinh vi tri cua dilm A’, anh cua dilm A trong ph<6p ding 

dang Si^I;2;^j. ( 

2. XAc dinh vi tri cua dilm A”, anh cua dilm A trong ph<6p ding 
dang Si^I;2;-^j. 


BAp si 

1. A. □ Atl; 5) 

B. □ A'(l; -6) 

C. □ A’(-l; 5) 

D. □ AX-1; -5). 

2. A. □ A”(l + 272 ; 1 - 2 72 ) 

B. □ A”(l - 2 72 ; 1 + 2 72 ) 

C. □ A”(-l +272;-l - 272) 

D. □ A”(-l - 272 ; -1 +272). 


134 



63. Trong mat ph&ng (Oxy), cho di/rtng trdn (C): x 2 + y 2 - 4x + 3 = 0. 

1. Viet phircmg trinh tong quat cua dudng tr6n (C’), £nh cua dt/dng 

( n ) 

trdn (C) trong phdp dong dang Si 0;2;— . 

V 2J 

2. Viet phircmg trinh tdng qu£t cua dirdng trdn (C”), anh cua di/img 

f n 

trdn (C) trong phdp dong dang Si 0;2;- 

V 4 

Dap so 

1. A. □fC’): x 2 + y 2 + 8x - 12 = 0 

B. □ (C’): x 2 + y 2 + 8x + 12 = 0 

C. □ (C’): x 2 + y 2 + 8y + 12 = 0 

D. □ <C’): x 2 + y 2 - 8y + 12 = 0. 

2. A. □ (C”): x 2 + y 2 - 4 72 x + 4 72 v + 12 0 

B. □ (C”): x 2 + y 2 + 472x-472y + 12 = 0 

C. □ (C”): x 2 + y 2 ~ 4 72 x - 4 72 y + 12 = 0 

D. Q M§t dtrdng trdn khac. 

64. Trong mat ph&ng (Oxy), cho ducmg trdn (a): x 2 + y 2 - 6x - 2y + 9 = 0 
va dilm 1(1; 1). 

1. Viet phircmg trinh tong quit cua dircmg tr6n (a’), anh cua diidng 

trdn (a) trong phdp d6ng dang Si 0,2;- — 

l 4 

2. Vi£t phircmg trinh tdng qudt cua ditfmg trdn (a”), dnh cua dufrng 
trdn (Ct) trong ph6p d6ng dang Si|o;2;^j. 


D6p s6 


1. A. □ (a’): x 2 

+ y 2 + 2(1 

+ 2V2)x + 

2(1 + 

2 72 )y + 14 * 

= 0 

B. □ (a’): x 2 

+ y 2 + 2x ^ 

i- lOy + 22 

= 0 



C. □ (a’): x 2 

+ y 2 - 2(1 

+ 2 72 )x - 

2(1 + 

2 72)y + 14 * 

= 0 

D. □ (a’): x 2 

+ y 2 - 2x - 

- lOy + 22 

= 0. 



2. A. □ (a”): x 2 

+ y 2 + 2(1 

+ 2 72 )x 4 

2(1 - 

272)y + 14 : 

= 0 

B. □ (a"): x 2 

+ y 2 2x ■ 

f lOy + 22 

= 0 



C. □ (a”): x 2 

+ y 2 - 2x 

- lOy + 22 

= 0 



D. □ (a”): x 2 

+ y 2 - 2(1 

+ 2 72 )x - 

2(1 - 

272 )y + 14 : 

= 0 
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65. Trong mftt phing (Oxy), cho diem 1(1; 1) vd dudng trdn (p): 

x 1 2 3 + y 2 - 6x + 6y + 17 = 0. 

1. Viet phuong trinh ting qudt cua dudng trdn (p’), anh eua dudng 

f n ') 

trdn (p) trong phdp ding dang Si I; 2; — . 

v 2/ 

# 

2. Viet phuong trinh ting qudt cua dudng trdn (P”), anh cua ludng 
trdn (P) trong phip ding dang Si^t % - ^ j. 

1. A. □ (p’>: x 2 r y 2 + 8x + lOy + 30 = 0 

B. □ (p’): x 2 + y 2 + 6x -? lOy + 30 = 0 

C. □ (P’): x 2 + y 2 — 6x - lOy + 30 = 0 

D. Q (p’): x 2 + y 2 - 6x + lOy + 30-0. 

2. A. □ (P”): x 2 + y 2 - 2(1 + 472 >x + 2y + 30 + 872 =0 

B. □ (P”>: x 2 + y 2 + 2(1 + 472 )x + 2y + 30 + 872 = 0 

C. □ (p”): x 2 + y 2 - 2(1 + 472 )x - 2y + 30 + 872 = 0 

D. □ MQt dudng trdn khdc. 

L ' • 

66. Trong mat phing (Oxy), cho dudng thing D: x - y - 1 = 0. 

1. Viit phuong trinh ting quit cua dudng thing Di, anh cua (udng 

thing D trong phdp ding dang Sif 0,2;^ . 

2. Viet phuong trinh ting qudt cua dudng thing D 2 , anh cua ludng 
thing D trong phdp ding (^ng ~ 71 ^ 

3. Viit phuong trinh ting qudt cua 
thing D trong phdp ding dang Sij^0;2; 




1. A. Q Dj: x + y - 2 * 0 
c.Qdj : x + y + 2 = 0 

2. A. I 1 D?: x = 2 

C. Qd, :x = -72 

3. A. Q D3: x = 2 

C. □ D 3 : x = - 72 


n 

4 


B. □ Di: x - y + 2 
D. □ Dj: x - y - 
B. QD*: x = 72 
D. Q Dj: x = -2. 

B. □ D 3 : x = 72 
D. □ D 3 : x = -2. 


3 


2 = 0 . 
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TRfl LGfl TRAC NGHIEM 


1. D. 

Ta co: MM' = V 
jx M = x M + a 

c> |y M = yM + b 

2. C. 

3. C. V = (1; 2). 

4. A. 

5. D. (V = (1; 2)). 

6 . (IB; 2D). 

7. D (V - 00 '). 

8 . C 9. C 10. C 11. C 12 . C 13. B. 

14. (1C; 2B). 

1. Ta c6: D’//D. 

D cat Ox tai A(2; 0). Tun anh A’ cua A trong phep tinh tien T( V ). 
D qua A’ va song song vdi D 

2. Ta co: (C’) = (C) 

(C) c6 t4m 1(2; -2), ban kxnh R = 3 

=> (C’) co t£m I’ anh cua I trong C( V ), ban Kinh R’ * 3 => dpcm. 

15. C. 

16. C 

17. D(V ss (2; -2)). 

Tim cac giao diim A, B cua dilCmg thang D vdi cde dudng thang A, A’. 
V c6 gia song song vdi D, bi£n A thanh A’ nen bien A thanh B. 
Suy ra: V = AB. 

18. (1C; 2D). 

19. (1A; 2B). 

20. (1C; 2B). 

Ta bi@t ring: 

+ Hai dilm ddi xufng nhau qua dudng thang y = x thi hoanh dg 
dig'm nay bang tung d6 dilm kia vh ngi/oc lai. Ta cd: 
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4 


<^> < 


M M- 

x m =y M 
iy M =x m 
+ Ttiting US, ta c6 : 

M I M’ 


o < 


M 

[yw 




21. (1A; 2D). 

1. Viet phuong trinh dating thing D’ di qua M vti vuting goc vii D. 

3(x + 2) + 2(y -9)-=0c=>3x-r2y- 12 = 0. 

Giii hS: 

2x - 3y + 18 = 0 „ 

• r> H. 

3x + 2y -12 = 0 

2. H 1& trung diem cua MM 1 . 

22. A. 

Ta c6: D’ H D. 

Hai diim doi xufng nhau qua diim gic 0 thi c6 hoinh <0 doi 
nhau, tung d§ dti'i nhau. ' , * 

D c&t Ox tai diim A(l; 0) 

XAc dinh A\ dtii xumg cua A qua O. 

D’ qua A’ vti song song vtii D. 

23. D. Nh£n xtit: I € (d). 

24. B XAc dinh M\ anh cua M(l; 0) 6 D. 

26. (1A; 2A). 

., , Nhic lai 

M(x; y) I— M’(x; -y) 

M(x; y) I —g& g L > MVx; y ) 

26. D. 

(D’: x + y - 3 = 0). 

Nh$n xtit ring D // A => D 1 // A. 

XAc dinh diim A’ anh cua diim A(l; 0) e D treng phtip dtii xiinjg 3(A). 
D’ di qua A’ vti song song vtii A. 
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27. D. 


Nhan xdt r&ng L 1 A 

28. A 

Ducmg thdng L vd (a) cat nhau tai 1(1; 0). 

Lay diem A(2; 1) € L. 

Xac dinh diem A’ doi xung cua A qua (a). 

(T) la dudng thdng qua 1 va A’ 

29. (ID; 20. 

Nhdn xdt Aj // A 2 . 

1. Ta c6: d(I; Ai) = d(I; A 2 ). 

Co vo so di4m I cdch d4u Aj va A 2 . 

2. A qua m$t trong cdc diem I va song song vdri Ai, A 2 . 

30. A. True doi xufng cua hai dt/ong thdng AB va AC la cac dudng 

phdn gidc cua cdc goc tao bdi hai ducmg thdng AB va AC. 

* Cdch 1: 

+ Vi&'t phuemg trinh cac ducmg thdng AB vd AC: 

Ta c6: AB = (8; 6) =4> AB = 10 

AC = (3; 4) => AC = 5. 

Phuemg trinh AB: 

x-1 y-2 „ , _ n 

8 6 

Phuemg trinh canh AC: 

x-1 y-2 . _ on 

- - £- <=> 4x - 3y + 2 = 0. 

3 4 

G?i M(x; y) Id m$t diem n&m tren cac dudng phan gidc cua g6c 
(AB, AC). Ta c6: 

d(M; AB) = d(M; AC) 

|3x - 4y + 5| |4x - 3y + 2| 

<=> - = - 

5 5 

ox-y + l= 0vx + y- 3 = 0. 
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* Cach 2: Goi I vd J theo thuf tif 16 chSn cac dubng phar giac 
trong v6 ngoAi cua g6c BAC. 


Ta c6: 


IB _ JB AB 10 
IC ~ JC = AC = 5 


BI = 2IC, BJ = -2JC 


17 201 
3 ’ 3 


; J(-l; 4). 


Viet phifcfng trinh AI v6 A-J, ta cb phuong trinh cAc true db'i 
xufng Di v6 D 2 cua cAc diidng thAng AB v6 AC. 


31. (ID; 2A). 

1. Dubng trbn (a) cb tAm 1(2; 2), bAn kinh R = 3. 

Trong phbp doi xufng S(I) tfim I, (a) bAt bi£n. Suy ra ((J) :rung 
vdi (a). 

2. Goi I’ 16 anh cua 1(2; 2) trong phbp db'i xufng S(0) t6m 0 
=> I*(—2; -2) 

=> Dubng trbn (y) c6 tam 16 di<fm I’ v6 c6 b6n klnh R’ * R = 3 => 
phuemg trinh (y). 

32. D. 

33. (1C; 20. 

1 . Dubng trbn (M) c6 tAm 1(1; 1) v6 cb bAn kinh R = 2. 

Dubng trbn (Mi) c6 tam Ii(l; -1) v6 cb bAn kinh Ri = 2 =» 
phuemg trinh (Mi). 

2. Dubng trbn (M 2 ) cb tAm I 2 (-l; 1) v6 cb bAn kinh Rt » R • 2 => 
phuemg trinh (M 2 ). 

34. (1C; 2A). 

1. Tfim dubng trbn (P): 1(2; 1). 

2. T6m dubng trbn (y): J(-2; -1). 

35. D. 


36. (ID; 2A). 

1 sj2m + 9 = v , TfT-2m => m = 1 
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2. Tam doi xufng cua hai duong tron bring nhau la trung diem cua 
doan noi tarn hai dufcfng tron 

37. (1C; 20. 

True doi xufng cua hai during tron bAng nhau la trung trite cua 
doan noi tam hai duong tron 

38. (1A; 2C). 

1. Ta co: OA' = 20A. 

2. Ta co: OA' = -20A. 

39. (IB; 2B). 

1. Ta co: lV = 2IA 

2 . Ta cO: iT' = -2IA. 

40. (1 A; 2D). 

41. D. 

Chufng minh K lfi anh cua I trong phep vi tu H tam J. 

42. (1B;2B). 

43. (1C; 2B). 

(a) co tam H(l; 0) va c6 ban kinh R = 2. 

((3) co tam H’(7; 0) vfi co ban kinh R’ = 1. 

T O’ * D ' 1 _ _ 

1 Ta c6: —— = — = -=> HI = -2HI’ I. 

JH R 2 

2. Ta cd: HJ = 2 JH’=> J(5, 0). 

44. A. 

45. (1A; 20: Vfin dung edng thufc (bai 44). 

46. B 

Dura vfio c6ng thufc (bAi 44) 

Nhfin xfit: Xi = 0; yi = 0 => I s O. 

. s/3 .1 

cost) = —, sinO = — => 8. 

2 2 

47. D. Diem O bfit bien. 

48. A. Difi’m I bfi't bien. 

49. B. 

50. A. 

51. D. Xac dinh anh I’ cua tam 1(1; 1) dudng tron (C) trong phfip quay 
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-*C'(f;0). 

53. A. C(2; 0) i -» C’(0; 2). 

54. D. C(l; 1) I-► C’(l; -1). 

55. C. C(2; 1) i -► C’(l; 2). ' 

56. (IB; 2A). 

57. (IB; 2B). 

58. D. 

59. A. 

60. (1A; 2A). * 

1. Goi Ai 16 anh cua M2; 0) trong ph6p vj tu H(0; 2) t6m 0 ti so 
k = 2. 

=> A,(4; 0) => A’(0; -4). 

2. A” 16 anh cua Aj trong ph6p quay 0, -) => A”(2 \f2;2j2 ). 

v 4; 

61. (IB; 20. 

1. Goi Ai 16 anh cua A(3; 3) trong ph6p vi tu H(I; 2) tAm I((l, 1) tl 
s6 k = 2. 

=> Aj(5; 5) => A’(-3; 5). 


2. A” 16 anh cua Ai trong ph6p quay R 



=> A”(l + 4V2; 1). 


62. (1A; 2A). 

63. (1C; 20. 

1. Thi/c hi$n ph6p vi tu trudrc: 

C(2; 0) I-> Ci(4; 0). 

ThUc hi§n tUfp ph6p quay: 

0(4; 0) I-> C’(0; -4) => (C). 

2. Tucmg tu. 

64. UC; 20. 

65. (IB; 20. 

66. (1A; 2B; 3B). 
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